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XI. A Memoir on the Transformation of Elliptic Functions. 

By Professor Cayley, F.B.S. 

Beceived N'ovember 14, 1873, — Eead January 8, 1874. 

The theory of Transformation in Elliptic Functions was established by Jacobi in the 
' Fundamenta Nova' (1829); and he has there developed, transcendentally, with an 
approach to completeness, the general case, n an odd number, but algebraically only the 
cases n=S and n=5; viz. in the general case the formulae are expressed in terms of the 
elliptic functions of the nth part of the complete integrals, but in the cases n=^ and 
n=5 they are expressed rationally in terms of u and v (the fourth roots of the original 
and the transformed moduli respectively), these quantities being connected by an equa- 
tion of the order 4 or 6, the modular equation. The extension of this algebraical 
theory to any value whatever of ^ is a problem of great interest and difficulty : such 
theory should admit of being treated in a purely algebraical manner; but the diffi- 
culties are so great that it was found necessary to discuss it by means of the formulae of 
the transcendental theory, in particular by means of the expressions involving Jacobi's 

q (the exponential of — ^), or say by means of the ^^-transcendents. Several 

important contributions to the theory have since been made : — Sohjstke, ^' Equationes 
Modulares pro transformatione functionum Ellipticarum," Ceelle, t. xvi. (1836), pp. 
S7-130 (where the modular equations are found for the cases 7^~3, 5, 7, 11, 13, 17, & 19); 
JouBEET, " Sur divers equations analogues aux equations modulaires dans la theorie des 
fonctions elliptiques," Comptes Eendus, t. xlvii. (1858), pp. 337-345 (relating among 
other things to the multiplier equation for the determination of Jacobi's M) ; and 
KomosBERGEK, " Algebraische Untersuchungen aus der Theorie der elliptischen Func- 
tionen," Ceelle, t. Ixxii. (1870), pp. 176-275; together with other papers by Joubeet 
and by Heemite in later volumes of the ' Comptes Eendus,' which need not be more 
particularly referred to. In the present Memoir I carry on the theory, algebraically, as 
far as I am able; and I have, it appears to me, put the purely algebraical question in a 
clearer light than has hitherto been done ; but I still find it necessary to resort to the 
transcendental theory. I remark that the case ^=7 (next succeeding those of the 
' Fundamenta Nova '), on account of the peculiarly simple form of the modular equation 
(l—u^'j(^l'—v^)=(l'—uvy^ presents but little difficulty; and I give the complete formulae 
for this case, obtaining them as well algebraically as transcendentally ; I also to a con- 
siderable extent discuss algebraically the case of the next succeeding prime value ^=11. 
For the sake of completeness I reproduce Sohnke's modular equations, exhibiting them 
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for greater clearness in a square form, and adding to them those for the non-prime cases 
n=9 and ^=15 ; also a valuable table given by him for the powers off(q) ; and I give 
other tabular results which are of assistance in the theory. 

The General ProMem.—Aiticle Nos. 1 to 6. 

1. Taking n a given odd number, I write 

where P, Q are rational and integral functions of w^^ P + Q-^ being each of them of the 
orderv|(^^•— 1), or, what is the same thing, (1+^)(P+Q^)^ being each of them of the 
order n ; that is, 

Order of P in ^^ is j? , p, 

,, Q „ jp— 1, p; 

whence in the first case No, of coefficients of P and Q is (jp+l)+P? ^^M^+l)? ^^^ 
in the second case No. is (i> + l)+(i?+l)5 ==1(^+1), as before. Taking 

'P=a+yx^'{-ex^ + . . . , 
the formula is 

the number of coefficients being as just explained. Starting herefrom I reproduce in a 
somewhat altered form the investigation in the ' Fundamenta Nova,' as follows. 

2. If the coefficients are such that the equation remains true when we therein change 

simultaneously x into — and ^ into — , then the variables w, y will satisfy the differential 
equation 

yidy dx 



(M a constant, the value of which, as will appear, is given by ^=l-{-^\ ; and the 

problem of transformation is thus to find the coefficients so that the equation may 
remain true on the above simultaneous change of the values of ^, y. 

In fact, observing that the original equation and therefore the new equation are each 
satisfied on changing therein simultaneously x, y into —x, --y, it follows that the equation 
may be written in the four forms 

1-y =(1-^) A^(-^), l+y =(1+^) B^(^), 

the common denominator being, say E, where A, B, C, D, E are all of them rational 
and integral functions of x ; and this being so, the differential equation will be satisfied. 
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3. To develop the condition, observe that the assumed equation gives 

2/— p2^2PQ^^-+QV' —^ si^PPose, 
where % ^ are functions each of them of the degree ^(n — 1) in ^^ (Hence, if with 

1 1 / 2Q\ 2/3 

Jacobi jj denotes the value (y-^^)^^o? we have jj= { l+f ) ? =1+"^? ^s mentioned.) 
Suppose in general that U being any integral functional, ^^^)^, we have 

viz. let U* be what U becomes when x is changed into -^ and the whole multiplied by 

Let y* be the value of y obtained by writing ^ for ^; then, observing that in the 

expression for y the degree of the numerator exceeds by unity that of the denominator, 
we have 



whence 



4« 1 iCl-Ivl , 



and the functions Si, B may be such that this shall be a constant value, =™ ; viz. this 
will be the case if 

which being so, the required condition is satisfied. 

4. I shall ultimately, instead of ky X introduce Jacobi's u, v (u=^\/ky v=\/>J); but 
it is for the present convenient to retain ^, and instead of X to introduce the quantity O 
connected with it by the equation %=IcQ^; or say the value of O is ^v^-iruh The 
modular equation in its standard form is an equation between ti^ Vj which, as will appear, 
gives rise to an equation of the same order between u^^ v^; and writing herein ^)-^=0^^^^ 
the resulting equation contains only integer powers of ti/^^ that is of ^, and we have an 
QMorm of the modular equation, or say an H Jl^-modular equation, of the same order in 
O as the standard form is in v; these OMorms for ^=3, 5, 7, 11 will be given pre 

sently. 

5. Suppose then, Q being a constant, that we have identically 

(% 1 a^^ .-• 

this implies 

3 g2 
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(In fact if 



then 



and the assumed equation gives 
that is, 

and therefore 3B = p^ri) 91*. ) 

From these equations q^=Q^i, that is = "i, as it should be ; so that Q signifying as 

1 
above, the required condition will be satisfied if only 9[=72piru3S*; or substituting for 

% M their values, if only 

(P^ + 2PQ^^+ QV)^—nk'^--'Xr + 2PQ + Q V), 

where each side is a function of x^ of the order -K^— -1), 6r the number of terms is 
1(^+1), the several coeiRcients being obviously homogeneous quadric functions of the 
^(?^+l) coefficients of P, Q. We have thus ^(^+1) equations, each of the form 
U=QV, where U, V are given quadric functions of the coefficients of P, Q, say of the 
•|(^+1) coefficients a, ^5 y, S, &C.5 and where Q is indeterminate. 

6. We may from the |(^ + 1) equations eliminate the ^(n—1) ratios a : ^ : q/ . . ., thus 
obtaining an equation in O (involving of course the parameter k) which is the QA-mo- 
dular equation above referred to ; and then Q denoting any root of this equation, the 
1(^+1) equations give a single value for the set of ratios a : ^ : y : ^ . . ., so that the ratio 
of the functions P, Q is determined, and consequently the value of ^ as given by the 
equation 

l + 2/""(H-^)(F + Q.2^r ^^^'~' P^+2PQ<2?^+QV 
The entire problem thus depends on the solution of the system of f(^+l) equations, 

(P^+2PQ^^^+QV)*=Qi&^^^-^>(P^+2PQ+QV). 

The Qk'Modular Eguations^ 7^=3, 5, 7, 11. — ^Article No. 7. 

7. For convenience of reference, and to fix the ideas, I give these results, calculated^ 
as above explained, from the standard or '^^l;-forms. 
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JEqiiation-systems for the cases n='i^ 5, 7, 9, 11. — ^Article Nos. 8 to 10. 

2 

8. ^^=3, cubic transformation. Jc:==^u\ Q=^ (here and in the other cases). 

Pz=:o5, Q=/3. The condition here is 



w 



FAV+(2a/3+/3^)=Qy^{(a^+2ai3)+/3V}, 
and the system of equations thus is 

and similarly in the other cases ; for these it \Yill be enough to write down the equation- 
systems. 

«=5, quintic transformation. 

P=a+ya;^ Q=i3. 

2ay + 2ai3+/3^=Q(2a7+2/3y+/3^), 
y^+2/3y=QF(a^ + 2a/3). 
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n=^7, septic transformation. 

;^(2ay+2a/3+/3^)r=Q(/+27S+2/35), 

y'' + 2/3y + 2a^4-2/3§=Q^(2ay+2/37+2aS+i3')> 

S^+2yS=Q/^'(«=+2a/3). 

w=9, enneadic transformation. 

J;^(2ay + 2a/3 + /3^) = Q( 2yg + 2sH^'), 
2«s+yH2aH2yi3+2/3S=Q(2ag+y^+2yH2g/3+2/3S), 

2yg + 2yH2gj3+S'=QF(2ay+2aS+2yi3+j3^), 

s^4-25g=Q^X«^+2«/3). 
%=11, endecadic transformation. 

/?;^(2ay+2«3+i3^)=Q(sH2<+2§?), 
^(2a^+y^+2a§+2y^ + 2^§)=Q(2y^ + 2y?+2^H2^HS'), 

2ys+2<+2yS+2s0+23^+S^=Qyt(2as+7^+2<+2yH2s|3+2/3S), 

g2+2y^+22§+2S?=^I2^'(2ay+2a^+2y3+^'), 

2g^+f=Q^V+2«0}, 
and so on. 

9, It will be noticed that if the coefficients of P+Q^ taken in order are 

«» ^ f 5 <^» 

then in every case the first and last equations are 

Putting in the first of these h=-ii^y ^=-2? the equation becomes 



if-'^G^zzzv^a^^ 



where each side is a perfect square ; and in extracting the square root we may without 
loss of generality take the roots positive, and write u^'a^^vff. 

This speciality, although it renders it proper to employ ultimately i^, v in place of 
JCj O, produces really no depression of order (viz. the QMorm of the modular equation is 
found to be of the same order in Q that the standard or 'Z^t;-form is in v)^ and is in 
another point of view a disadvantage, as destroying the uniformity of the several equa- 
tions : in the discussion of order I consequejatly retain Q, h. Ultimately these are to 
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be replaced hj u^ v; the change in the equation-systems is so easily made that it is not 
necessary here to write them down in the new form in u^ v. 

10. The case a=0 has to be considered in the discussion of order, but we have thus 
only solutions which are to be rejected ; in the proper solutions cc is not =0, and it may 
therefore for convenience be taken to be =1. We have then (r=u'^'T-v. The last equation 
becomes therefore 

1 
or recollecting that ^ is connected with the multiplier M by the relation tt=1+2^5 



that is. 



2,/3=M-l, 



M 

and substituting for 1+2/3 its value, the equation becomes 



2,=.V-(^-^); 



that is, the first and last coefficients are 1,^, and the second and penultimate coeffi- 

V 

cients are each expressed in terms of ^, M. The cases ^=3, ^=5 are so far peculiar, 
that the only coefficients are a, j3, or a, j8, y ; in the next case ^=7, the only coefficients 
are a, j3, y, \ and we have in this case all the coefficients expressed as above. 

The Ctk'form — Order of the Systems. — Article Nos. 11 to 22. 

11. In the general case, n an odd number, we have Q and -K^+l) coefficients con- 
nected by a system of |(^^ + l) equations of the form 

U V 



Q 



U'~V' 



where U, V, . . U^, V^, . . . are given quadric functions of the coefficients. Omitting the 

(Q=), there remains a system of ^(b— 1) equations of the form ^,=1^,=: . . or say 

( U, V, W,.. )=0, 

which determine the ratios a : /3 : y . . . of the coefficients ; and to each set of ratios 
there corresponds a single value of Q. The order of the system, or number of sets of 
ratios, is —l{n+l).2^^''-^\ =(7^+1) .2*^'*"^^; and this is consequently the number of 
values of fl, or order of the equation for the determination of Q ; viz. but for reduction 
the order in O of the Q/l;.modular equation would be =(n+l) .2^^^-'K In the case 
n=Q, this is =4, which is right, but for any larger value of 3^ the order is far too high; 
in fact, assuming (as the case is) that the order is equal to the order in v of the uv-foxmy 
the order should for a prime value of n be =^+1, and for a composite value not con- 
taining any square factor be = the sum of the divisors of ^. I do not attempt a general 
investigation, but confine myself to showing in what manner the reductions arise. 



a 
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12. I will first consider the cubic transformation; here, writing for convenience 
i=fl, the equations give 

and 

kf=Q; 

the equation in 6 gives (Fd*—iy—i&\Iiff—iy=Q, and we have thence 

that is 

the modular equation ; and then ^^S*-1+2^(^V-1)=0, that is, Q^-1+2^(A;Q-1)=0, 
or 2^=-- ^^_p which is = -j, say we have 05=0^—1, ^=2(1— ^Q); consequently 

X— 12/^, and j^»^ ^2 — ^ — iq^-I ' 
which completes the theory. 

13. Eeproducing for this case the general theory, it appears a priori that 12 is deter- 
mined by a quartic equation; in fact from the original equations eliminating Q, we 

have an equation 

U, V =0 

where U, XT', V, V are quartic functions of cc, ^ ; that is the ratio a : has four values, 
and to each of these there corresponds a single value of Q; viz. O is determined by a 
quartic equation. 

14. Considering next the case ^==5, the quintic transformation ; the elimination of Q 
gives the equations 

Ij/ — yi — Y^\^ 

where U, U', &c. are all quadric functions of a, 0, y. We have thence 4-4 — 2 '2, =12 
sets of values of a : ^ : y ; viz. considering a, ^5 y as coordinates in plano^ the curves 
XJV'— U'V=0, UW^ — UW=0 are quartiq curves intersecting in 16 points; but among 
these are included the four points 11=05 U^=0 {m fact the point 06=0, y=0 four 
times), which are not points of the curve VW — VW= ; there remain therefore 16 — 4, 
=:12 intersections (agreeing with the general value (^+1) . 2^^**"^^). Hence Q is in the 
first instance determined by an equation of the order 12 ; but the proper order being =6, 
there must be a factor of the order 6 to be rejected. To explain this and determine the 
factor, observe that the equations in question are 

kV{2ay + 207 + 0^) - f{2ay + 2a^ + ^) = 0, 
^V(a+20) -y^(y + 2|3) =0; 

MDCCCLXXIV. 3 H 
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the first of these has at the point a=0, y=0 a double point, the second a triple point; 
or there are at the point in question 6 intersections ; but 4 of these are the points which 
give the foregoing reduction 16 — 4=12 ; we have thus the point cc=0^ 7=0, counting 
twice among the twelve points. Writing in the two equations 0=0, the equations 
become ^Vy— ay^^O, IV— y^^O, viz. these will be satisfied if ^V— y^=0, that is, the 
curves pass through each of the two points (3=0, y=+^a), and these values satisfy 
(as in fact they should) the third equation, 

F(2ay + 2a3+3^)a(a+23)-y(y+23)(2ay+23+3^) = 0; 

it is moreover easily shown that the three curves have at each of the points in question 
a common tangent ; viz. taking A, B, C as current coordinates, the tangent at the point 
(a, 3, y) of the second curve has for its equation 

A(2a^ + ^a'^)t + B(y^ V - y^) - C(2y^ + 3/3) = ; 

and for j3=0, y=:+^Q5 this becomes 2^A+Bf^ipl)ip2C=0, viz. this is the line from 
the point (^=0, y=+^a) to the point (1, —2, 1). And similarly for the other two 
curves we find the same equation for the tangent. 

Hence among the 12 points are included the point (y^O, ^=0) twice, and the points 
(j8=0, y=+y&a) each twice: we have thus a reduction =6. 

15. Writing in the equations y—O, a=0, the first and third are satisfied identically, 

and the second becomes |3^=Q|3^ that is the equations give 12 =1 ; writing |S~0, they 

become 

^V=:Qy^, ay=Qoty, y^=:Q^V, 

viz. putting herein y^=^^a^, the equations again give Q=l; hence the factor of the 
order 6 is (Q— 1)^, and the equation of the twelfth order for the determination of Q is 

(Q-l)n(Q,ir}=0, 

where (Q, 1)^=0 is the Q^-modular equation above written down. 

16. Ke verting to the equation 

l + y~"(i+^)(P + Q^)^' 

it is to be observed that for a=0, y=0, that is P=:0, this becomes simply y=x^ which 
is the transformation of the order 1 ; the corresponding value of the modulus X is X=^, 
and the equation X^^Q^Jc then gives 12^=1, which is replaced by Q— 1=0. 

If in the same equation we write |3=0, that is Q=0, then (without any use of the 
equation y^=]i;V) we have y—w^ the transformation of the order 1 ; but although this 
is so, the fundamental equation 

(P^+2PCkHQV)*=Q^XP'+2PQ+QV), 

which, putting therein 0=0, becomes (P')*=Q^T^ that is {k^w^a+yy=::Qt{oc+ryx^y 
is not satisfied by the single relation Q— 1 = 0, but necessitates the further relation 
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The thing to be observed is that the extraneous factor (Q—l)^, equated to zero, gives 
for Q the value Q=l corresponding to the transformation y=^x of the order 1, 

17. Considering next ^==7, the septic transformation ; w^e have here between a, (3, y, S 
a fourfold relation of the form 

( U, V, W, Z )=0, 

U', V, W, Z' 

v^^here, as before, U, U', &c. are quadric functions, and the number of solutions is here 
8 . 2^5 = 32 ; to each of these corresponds a single value of Q, or Q is in the first 
instance determined by an equation of the order 32. But the order of the modular 
equation is =8; or representing this by {(O, 1)^}=:0, the equation must be 

(Q, irm, i)«}=o, 

viz. there must be a special factor of the order 24. 

18. Onev^ay of satisfying the equations is to write therein a=0, S=0; the equations 
thus become 

f+2(8y=:Qyl;(2^y+/32); 
or putting ^, y=oi, 0, 

which (with oj'., ^' instead of a, ^) are the very equations which belong to the cubic 
transformation; hence a factor is {(Q, 1)^}. 

Observe that for the values in question ot=0, §=0, P=jS^^^ Q^:^', 

(P±Qwy=w%af±0x)\ =^^(F±Q'^)^ if ¥=oc\ Q'^(i', 
and therefore 

which is the formula for a cubic transformation. 

19. The equations may also be satisfied by writing therein 5/=^^, l=k^; in fact 
substituting these values, they become 

k'a'+2k(^'+2a^)^2aic%a^+2oc^) + m^\ 

the first and last of these are 

^' + 2ccld=nk{a'+2a^), 

which being satisfied the second and third equations are satisfied identically ; and these 
are the formulae for a cubic transformation; that is, we again have the factor {(Q, 1)^}. 

3h2 
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Observe that for the values in question y=^a, ^=^0, we have P= 05(1+^^), 
Q=:(3(l+^^^); so that, writing F=:a, Q'=3, we have for y the value 

which is the formula for a cubic transformation. 

20. It is important to notice that we cannot by writing a=0 or S=0 reduce the 
transformation to a quintic one; in fact the equation ^^a^==12S^ shows that if either of 
these equations is satisfied the other is also satisfied; and we have then the foregoing 
case a=0, §=0, giving not a quintic but a cubic transformation. 

And for the same reason we cannot by writing ar^O, j3=:0, y=0 or 18=05 y=0, S=0 
reduce the transformation to the order 1. There is thus no factor Q— 1. 

21. As regards the non-existence of the factor 12— 1, I further verify this by writing 
in the equations 12=1 ; they thus become 

^(2ay+2a,8+|3')=y'+2yH2(3^, 

7^ + 2j3y+2aS+2/3§=^(2ay+2^y+2aHi3'), 

S^ + 2yS=^V+2ai3), 
which it is to be shown cannot be satisfied in general, but only for certain values of ^. 

Eeducing the last equation, this is yS=y^^aj3, which, combined with the first, gives 
C(;y=j3S ; and if for convenience we assume a=V^ and write also S=: +\/^ (that is Ic^'^)^ 
then the values of a, /3, y, S are csj=il, /3=y9~^, y^=-y^ ^=^^; which values, substituted 
in the second and third equations, give two equations in y, S ; and from these, eliminating 
y, we obtain an equation for the determination of 9, that is of Ic. In fact the second 

equation gives 

S'(2y+2y9-^+/9-^) = y^+2y^^ + 2y; 

or, dividing by y and reducing, 

y(l--^^)=:2^^(S^-l)(^^--.Hl). that is 

y(l + S^).= -2a^(9^^Hl), 
or, as this may also be written, 

that is 

Moreover the third equation gives 

that is, 

/(^«_2^'+2^-l)-2(y+^')^V'-l)=0 ; 

OT dividing by ^^ — 1, it is 

/(^-1)^=2%+^'); 
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whence also 



2(9^_S+l)^=-^(9^+l) or 2(d'-6+iy + 6(d' + l)=0, 



Also 

wherefore 
or 

that is 
or finally 

We have thus (26^+iy=6\ that is 4^*+3fi^+l=0 or 4^='+3^+l=0, or else 
{Q'+2y=^, that is S*+3^^+4=0 or ^^ + 3^+4=0; viz. the equation in k is 

(4A;'+ 3^+l)(^H 3;^+4)=0, 

these being in fact the values of ^ given by the modular equation on putting therein Q=l. 
The equation of the order 32 thus contains the factor \(Q,, ly} at least twice, and it 
does not contain either the factor Q— 1, or the factor {(Q, iy\ belonging to the quintic 
transformation; it maybe conjectured that the factor {(Q,, l)*} presents itself six times, 
and that the form is 

{{a, lynn, iy=Q ; 

but I am not able to verify this, and I do not pursue the discussion further. 

22. The foregoing considerations show the grounds of the difficulty of the purely alge- 
braical solution of the problem ; the required results, for instance the modular equation, 
are obtained not in the simple form, but accompanied with special factors of high order. 
The transcendental theory affords the means of obtaining the results in the proper form 
without special factors ; and I proceed to develop the theory, reproducing the known 
results as to the modular and multiplier equations, and extending it to the determination 
of the transformation-coefficients m^ (3 ... 

The Modular JEquation.-^Axticle Nos. 23 to 28. 

irK' 

23. Writing, as usual, q=e ^ , we have u^ a given function of £, viz. 

4-g. 1+g^- 1+g' 
=^22^(1-^+22^-32^+42^-6^^+9/ ---12/+ . . .) 

=s/^2^fii) suppose; 

and this being so, the several values of t; and of the other quantities in question are all 
given in terms of q. 

The case chiefly considered is that of n an odd prime ; and unless the contrary is 
stated it is assumed that this is so. We have then^ + 1 transformations corresponding 
to the same number ^+1 of values of v ; these maybe distinguished as t?o, v^, %^ . . .v^; 
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viz. writing a to denote an imaginary n-th. root of unity, we have 

(Observe (— ) ^ =+ for ^^Sp + l, ~ for ^=8p+3.) 

The occurrence of the fractional exponent \ is, as will appear, a circumstance of great 
importance ; and it will be convenient to introduce the term '^ octicity," viz. an expres- 

sion of the form g^^{q) (/^Oj ^^ ^ positive integer not exceeding 7, ^{q) a rational 
function of q) may be said to be of the octicity f. 

24. The modular equation is of course 

say this is 

so that A=§Vo5 B=:2%?;i5 &c. In the development of these expressions, the terms having 
a fractional exponent denominator n would disappear of themselves, as involving symme- 

trically the several ^-th roots of unity, and each coefficient would be of the form q^^{q)^ 
F a rational and integral function of g. It is moreover easy to see that, for the several co- 
efficients A, B, C, g will denote the positive residue (mod. 8) of n^ 2^, 3^, . . . respectively. 
Hence assuming, as the fact is, that these coefficients are severally rational and integral 
functions of ^, it follows that the form is 

au^'\'W^^-\'Cn^-^^^-k- . . . . , 
g having the foregoing values for the several coefficients respectively. And it being 
known that the modular equation is as regards u of the order =7^+1, there is a known 
limit to the number of terms in the several coefficients respectively. We have thus for 
each coefficient an identity of the form 

A=^'z^^+J^^+'+ , 

where A and n being each of them given in terms of §', the values of the numerical 
coefficients a^ 5, . . can be determined ; and we thus arrive at the modular equation. 

25. It is in effect in this manner that the modular equations are calculated in 
Sohnke's Memoir. Various relations of symmetry in regard to {n^ -y) and other known 
properties of the modular equation are made use of in order to reduce the number of 
the unknown coefficients to a minimum ; and (what in practice is obviously an important 
simplification) instead of the coefficients Svqj S^^i, &c., it is the sums of powers ^v^^ ^v\ &c. 
which are compared with their expressions in terms of u^ in order to the determination of 
the unknown numerical coefficients a^h . , The process is a laborious one (although 
less so than perhaps might beforehand have been imagined), involving very high numbers ; 
it requires the development up to high powers of £, of the high powers of the before 
mentioned function f{q) ; and Sohnke gives a valuable Table, which I reproduce here ; 
adding to it the three columns which relate to <pq. 



OP ELLIPTIC FIJN-CTIONS. 



411 








r-i O »0 O O 




r-i^ CO m 




CO Tt< 


^ 


rH 










Ch 



00 



''-I 



.^„ 



^*^ 






^ 



.5>« 



CO 



Hfc,^ 






II 



^ If 



^ II 






^ II 



I 



r-4i>.oo"^co^r-io^o<x><x>aiC£><x>cooocr><o 

1—4 t>» 00 tO '•sf*' 1-^ r-i O ^^ O O l>* CO l>» CO 

©^a>oi-iO(^cricoi>»©^»oQO©^ 

©^4>,QOI>.OOThl>»OW5 
r-i '^f i-^ 00 ^ CO CO 

f~4 O^ ?0 ^ '^ 
ir-i CO 

+ I + 



i ■ ■ hm i • w » |' *i i » I *" i»|i-i'i I ■ ■ l> " » I H I I 11 I ■' " i|ii « ii I — I' " " 



©^i0Oi0OU0O»^O»0 
-<C01>.Th^tOCD<£3 iO ©^ 

ThJ>.(^<£>5X>Tt4aiuoooo 

wOQOO»— «O0COt^»— «O0^ 

f>-4 iO <jO »--< I— I CTi CO O »--<■ 

r-i to '^ ^ CO ao t-* 

^ CO oo^ ^ 



CZ? CiD ^ii5* ^S^ 

©^ <^ rt TJH 

G^ O O »0 

O 00 iO CO 

CTS CJ5 GO CO 

O O^ »— 4 o 

UO ©) CO 00 

Oi 00 01 "^ 

r-j ©} C£> CO 



|-^jJJ.j-|«j-|-|-|-|-j-|»|-j-|-j_|- 



f-^a^'^io^©ii>.'^i>.i-<coo^^oD»o t>»<x* ©1 CO 






*-* CO "^f ^ CO »— f O Ol _ _ 
r-<C0OC0C0(^Ci>»0 



©^ ©I <£> "^ o 

O <£> CO •-( -* TJH CO 

O CO 



©i !>. 00 CO 0» CO CD 



iwt 1^ ^ 



CO 
©i lO 



OD O O 
r— I 1>» CO 

1—4 CO C?i 
I— I ©^ "«SH 



■ I — I il l * j •J~ I a^** I ■ ' I " I ■— 1~ I ~T" I ' I " I "T" 



r-400^©loooG^©^a>aoao©^THao'^©i©^<o©i 

'^<j5i-HO»oa5Tt<oaocococooa5C£)i>.co 

i-tl>.'*COC?5iOOCOOitOC01>»COCOOI>. 
<^iiOT|<iQ-^COOCO J>.C£> O -^ 

r-4cooo<75cocoi>«a^©io^ 
rH <<!$< a> o o CO lo 

P-i '<*! 00 CO 
I ~|. I -i— J Jim I -i— I -4— I -4— I — j— I —J-" . I — r~ 



i-Hi>.iioocoooj>.»ocy>'«*<»oi^i>»i>»ooco«-i»o 

CO'^tiOOOt^SlQOCOCOt^t^^lt^CD^CDiO. 

!-iTft'^©eTt«aoi>»i>»©^aDO^J>.i>».cocoi>» 
r-<'sf*i-ioocr5r-c©qtcD©i<]Ocoo©i"«*f 

r-4©^5i5C£>C£>OOCO©i'-«COO^O 

1—1 CO t^CD "^ <J2C£> -^ kO 

i-t CO CO CO CD O 

r—l ©I lO 

I I ..) I mmLm j ^^Xm I m , Im i ■ I ' | " i \ m I *«♦«- I ""j" ' " j I- ' " 



C0l>»Q0<75©*O'^'Tt<CD^>»"^COCDi^"^'-<C0iO 

©^a5000COOO'^©^Ort<rt<-^©ll[>.©^OQO 

COO0COl>»CD00i— i-s^t^CO^St-^t^GOO 

©i»JOCOOI>»«-<CJ500a5a5©i"^QO 

r-iC0CD'^00l>»©i«5t0i>»O 

r-lG^lOr- <»— '0"^«— « 

r-H ©I "^ !>. CO 

1+14-1 + 1 + 1 + 1 + I + 1 + 1 + 



i-4ir50H5»iO»-<»o»A'joo©»oiaio»ocooo»o 

<5^COOOOOCOCD©^©*OOOCO©iQOa>COOGO 

^^^?^oo©^'ooaoooi-*coJt^ocDO 

r-<©iiO©l'^O0C0CDC0C0iQCDQO 

r-<(©£TftC75l>.©»QOCOOO 

r-4 CO »0 O 00 »— < 

INM^ f'H Wm? 



'^rt*Or-4CD00O©lOO00r-*CD00©^O"<*iQ0 
»-JTPOCO>-«OOCOQO'^G^O:it^'-iW5'^CDW5 

r-i©iiOO»~i>-*oocotoi>^cy>0^©)Qoa> 
f-i©^'^i>»"^»0'*fCDcr>cO'^^ 

r-4©iTjH|>«©^'-«iOI>» 

F-4 ©i CO »0 



coa>©iQOO^eoj>»»oi>»©^coi>.ooTr«coio»o©^coio 

pH!?5CD'-<o^i?*^'^i>»CJ5a'Ooo-i>^cO'^ocr> 

r-<r-«C0»O00C0'-iC0f-H00l>»'^»O 
i-H ©4 CO *0 !>• r-i t>» "cO 

r*H r~4 ©% 

1+1+1+1+1+1+1+ i+l+l+l 



II 



t! II 



i-«©l»iOOOO©^»^O^CDCO©%l>»OOaO©lQOTfi'^COiO©l 

,-,rt^y50>Tf(©^rr«©tl>»CO'«*<CO'^OiO»^©iCO 

i-i©«co»0i>»^cococot^w50'^<:?5 

i-Hi-HG^CO-^CDCiSlCD 

I + j 4. j -f I 4- I -I- I + I + I + I + I + f 



r-<©ico^coa:»©icD©ia5oooTH©iio©icDQOQOoio;5^©J©jcoo 
^^•^^^r-;©$G^couocoooococooio©ja5Qoa>©^t^co 

r-«r-«p-4©l©tCOCO'<*«iOI>»QOO 

|4,j4.|4.( + |4.j4-| + l + | + f + { + I + 1 + 



r-tTf<©l©iCDO0©t'^ 

rH CO l>»CO to O 
rH CO t^ 



r-<Tt^T}^0'*0000'*•^QOOOQOOO'<4^00Tt^OQOOOOO©iQO 
_l> »l- ++ -j- -l» -[, + ^ ^ _j_ + 4. -I- 



«-« ©i 00 ©^0000©1000000©100000000©10 

+ ■ t- _i_ -4- -4- 



o r-4 ©I. CO '5t<»ocoi>»ooa50»-«©tcO'^uocDWQoa>Or-4^^^io^ 

v,^*-» ,-^,-,P-|f-(|-H[f-4l-ll-lf-li-<©l©l©^©l©l©l©* 



412 



PEOFESSOE CAYLET ON THE TEANSFOEMATION 



^^ II 



^ 






L^ii 



- li 



to 



-'^ II 






5> 



CO 



^ 



II 



.^ 



N 



X 






rH O O O ^ -rl^ 


O O O O '«*' 




Gt CO ^ ^ (^ 


t>. O fX> O Gl 




(^ O^tO rH 


Gt CO -^ CO uo 




1-4 CO G) 


O^CO CO o -^ 




r^ 00 


CO CO OiCO t>» 

•^ I— 1 ITS Gl i-< 

Gt Ci O Oi 




+ + 1 


+ 1 + 1 + 




i-i o^c^oco aiot>.i>.coi>. 




1— 1 O »— • !>• »— 1 


rH Tft "^ l>.CO 




<^ !>, ^ to 


!>• r-t O CO t>. 




1— 1 f-< CjD 


CO t>» '^Ji t^ »o 




^ C£> 


TH l-l CO O -«!*< 

CO CO O CO !>. 

rH 1^, QO <Ti 

G^ O 




+ 1 + 1 


+ 1 + 1 + 




r-« CO CTi G^ 00 (5^ 


CO O OO ^ 00 CO 


CO CD O 00 •* ^ CO 


r-t QO 00 ^O lO 


Gl f-t 1>» CO 00 00 


,-1 CD lO ^ 00 lO ^ 


i-H rh ^ CO 


O^ CO Tft >J0 CO CO 


00 Gt O F-» !>. O C^ 


1— 1 O^ CO 


lO 00 Tf r-l QO r|H 


O O l>.CD CO lO CO 


iO 


CO O 00 G> CO O 


G» C5 !>. Gi CO QO t>. 




Gl G^ O O Tft I-I 


O Ci O CD O 00 lO 




r-t UO O Tft CO 


C7i rf* CD -^ t^ '— CD 




Gl WCO 


00 GO G» r-i !>, CO !>. 




Gt 


00 GO O CO rH 00 CO 

Gl a5t>. O 00 «D 

Gl QO Gl CO 

GICD 


1 + +1 


+ 1 + 1 + 


+ + 1 + 1 + 


»-i !>• ® »0 00 O 


i-i o ^ o ^ o 


Gl O 00 lO CO >0 ^ 


i-i IS. !>• QO CO 


O O CO tH 00 Gl 


G<f G^ O '^ i>. CO -rli 


i-H Gl 00 CO 


Gi 00 CO lO »0 CO 


O^ O !>. c:) Tft CO O^ 


rH !>. G) 


COOC^OOGtCOOOCiCOCOOiG^ 1 


tH 


O CTi rH 00 O^ rH 


CD CO 00 00 CO "^ CD 




Gt X CO t>» »0 QO 


CO O O t>. '^ "* --< 




cocoaiaiCDG)cococriC?iGO i 




i-l Tji CO 


uo UO Gl ^ t>»CC 00 




»— * 


lO t>. CO CD CD O QO 

r-i lO »rj ^ -^ lO 

i-i Tt< G^ CO 

1— 1 CO 


+ I + I + I+ +1+ +1 + 1 + 


!— I CO Gi QO Tft Th 


G^ 00 O -!f CD -* 


^ Tti Tft 00 Ci 00 o 


r-i lO 00 -^ QO 


lOG^t^CDf-iOCO-^OOOOGiGt 


rH O ^'^ --« 


r-l»OOCOCOCTiCDrHl>«CDrHCOCO 


i-H CD CO 


COCOCO— iI>.a^CDCDCDO»O»J0O 


CO 


lOrhCOrHOOCiCOGja^r-Hi-iOOrH 




p-i CO "O CO CO Gl 


'^ O GO X >— 1 '^ Gi 




G^aiGit>.oai-^a^CiOiO i 




CO o 


'-rji CO CD CO G^ O^ >-'3 




r-i 


CO O O 1--^ Gt CO --^ 
rH CO 00 Tft iO Gl 

Gl CD t>. 


1 + + 


+ 1 + 1 + 1 


+ + + + 


1— 1 ITS lO O lO 00 


lO ^ O va Th lO 


O >0 LO !>. lO ^ O 


r-H CO G) O C£5 


|>»CD'-'rhCOOCOai»>.OQOr-iCO 1 


i-H O^GiCOCO Gll>.CO OJ'* 


!>. !>. lO »-i Gl CD Gi 


ifi lO 


CO r-l Oi rt^ O Gi 


CO ^ CO >— • CD O CJi 


Gt 


r-iCDCOCDCriG^I>.CDCricy>G?QO'X> 1 




I— 1 '<!f !>• f— ' CD Gt 


1— 1 I— s r- rtt O^ CD CO 




r-< CO O CD 


CO O CO O 00 O iO 




Gl <D 


O O r-t rt* Tfi O i~t 

Gt CD !>• t^ »• '^ "^ 

1-* "^ G) CO to 

rH o;) GO 


1+ +MI+ + 4- +l + i + 


^•^C50f-tGOCDGOI>.G^Gi-^ 


r-* O CO Gt f-t CD O 


1— 1 l-H |>« »0 uO 


COGi'^Cr5CDJ>.Gi^O"5QOOI>.ai 1 


1— 1 Jf>» 1— < lO 


C^ GO GO Gl XO lO 


CO GO Oi GO CO Gi -^ 


^crsGiGtaiGOCoo^ 


rH O rH O rH r- 1 Th 


1— 1 


00 Gi: CD 00 C75 O 


Gi CO CD Oi r-l Gi CTJ 




CO rH C7i GO 00 


C^ CD -^ CO !>. !:->. CD 




r-iC0GlO^t>.CDO^O^COiO'^ 1 




m CO 


r-i CO Gi GO 00 i>. t>. 

r-i QQ CTi -^ ■^ ^ CO 

Gi COCO O 


1 + + 


+ 1 + + 


+ + + 1 + 


i—i CO Th *>. CO I— 1 


lO rH 1— 1 r— 1 O lO 


•^ CD GO CO G) CD CJi 


rH O CO CO »0 


^ O^ CO »0 O 00 CD — X^ r-H G^ CO CTi 1 


r-l CO G^ ?0 


CO O r-< »Q G) lO 


Oi O^ CO CO G* !>. i-i 


CO -^ 


05 -H 00 Tf GO CO 


00 r-i QO 00 O^ CO to 


1— 1 


U^ G) CD r-i 1— 1 CO 


Gt GO CTi •— t '^f r-i CO 




Gl !>. >0 GO G* 


CO CD O rH Tf CO »0 




GiJs.COCDG^t-^--' QOiOCO 




GICOGOOOCDI>.— 00 






rH "rt< Gt rH 00 !->. 






rH CO !>. 00 






1— 1 


+ + 


+ I + I + I++I 1+1 + 


I-i G^ O O CO -^ 


Tft O Oi Gt O G* 


Gt CO O ^ G> 00 O 


r-i O^ Gi G< CO 


C0G^CDI>.C0C0CO— ^OCOI>.G^rH 1 


u^uor^»-oi>.oO'^"^co 


CO «-^ O O to Gt rH 


Gl O 


i—i l>« O CTS Gi r— ( 


CD !>. !>. CO -^.lO !>. 


r— I 


T+l Tti Oi CO C^ r-i 


O CTj to GO !>. <-i !>. 




1-i -rp \0 ^ rr-i 


O rjH Tf —* "qi OiCO 




r-iTtiC0C0'O"^C0GtC0»O 1 




f— 1 


CO Ci ^ '-' cy^ "^ ^ 

Gl CO -^ to Gl 

i-i CO 00 


1 + 1 + 1 


+ +1+1 


+ 1 + + 1 + 


O'-iGlC0'^"^CDi>iQ0C^OrH 


Gl CO "^ to CD !>. 00 



o 

a, 
o 

'IS 

> 

a 

rC 

a 

Q 
U 

bO 

CC 

cS 

rD 

»\ 

w 
t^ 
1^ 

51 

O 

CA3 



O 



OF ELLIPTIC PUHCTIONS. 



413 



26. I give from Sohnke the series of modular equations, adding those for the com- 
posite cases n=9 and 7i=15, as to which see the remarks which follow the Table. 
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Various remarks arise on the Tables. Attending first to the cases n a prime 
number; the only terms of the order ^+1 in i? or^^ are t?''+^4:^^**'*'Vviz. ^^3 or 5 (mod. 8) 
the sign is — , but ^ ^ 1 or 7 (mod. 8) the sign is +. And there is in every case a pair 
of term^ v^'u^ and vu^ having coefficients equal in absolute magnitude, but of opposite 
signs, or of the same sign, in the two cases respectively. 

Each Table is symmetrical in regard to its two diagonals respectively, so that every 
non-diagonal coefficient occurs (with or without reversal of sign) 4 times ; viz. in the case 
^^ 1 or 7 (mod. 8) this is a perfect symmetry, without reversal of sign ; but in the case 
7^ EE= 3 or 5 (mod. 8) it is, as regards the lines parallel to either diagonal, and in regard to 
the other diagonal, alternately a perfect symmetry without reversal of sign and a skew 
symmetry with reversal. Thus in the case ^=19, the lines parallel to the dexter dia- 
gonal are —1 (symmetrical), +114, —114 (skew), 0, —2584, -—6859, -—2584, (sym- 
metrical), and so on. The same relation of symmetry is seen in the composite cases 
^=9 and n=lt>^ both belonging to n^l or 7, mod. 8. 

If, as before, n is prime, then putting in the modular equation t^~l, the equation in 
the case n^^l or 7 (mod. 8) becomes (t;— 1)'*+^=0, but in the case n^ 3 or 5 (mod. 8) 
it becomes (^ + 1)**(?;— "1)=:0. 

27. In the case n a composite number not containing any square factor, then dividing 
n in every possible way into two factors n=ab (including the divisions n. 1 and 1 . ^), 
and denoting by /3 an imaginary b-th root of unity, a value of v is 

so that the whole number of roots (or order of the modular equation) is =p,ii v be the 
sum of the divisors of n. Thus ^=15, the values are 

VWfir), -VW'vih -^Pfih -yW'fif) 

1 , 3 , 5 , 15 roots; 

and the order of the modular equation is =24. The modular equation might thus be 
obtained as for a prime number ; but it is easier to decompose n into its prime factors, 
and consider the transformation as compounded of transformations of these prime 
orders. Thus ^=15, the transformation is compounded of a cubic and a quintic one. 
If the V of the cubic transformation be denoted by fl, then we have 

r+2fl%'-2^M-t^^=0; 

and to each of the four values of d corresponds the six values of v belonging to the 
quintic transformation given by 

The equation in v is thus 

{v'+iv'6\ . . -9?)(^« . . -^^)(^^ . . -6'^{v' . . -^^)=0, 
where 6^^ 6^^ 4? ^ ^^^ tlie roots of the equation in fl, viz. we have 

^^+2^V-"2fe--t^*=(^-^J{^-4)(^-.4)(^-^,); 
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and it was in this way that the equation for the case ^=15 was calculated. Observe 

that writing t^=l, we have {d-{-lf(6'-l)=0^ or say ^1=4=^=— 1? ^4=+l- The 

equation in v thus becomes {(v'-iy(v + l)y(v + iy(^v-~'l)=Oy that is (v'—iy^(v+iy=:0, 

28. The case where n has a square factor is a little different ; thus ^=95 the values are 

1,3 5 9 5 roots ; 

but here o) being an imaginary cube root of unity, the second term denotes the three 
values, 

the first of which is =:u^ and is to be rejected; there remain 1+2 + 9, =12 roots, or 
the equation is of the order 12. 

Considering the equation as compounded of two cjuibic transformations, if the value of 
V for the first of these be ^ then we have 

^^+23V-23^^^t^^=0; 

and to each of the four values of 6 correspond the four values of v given by the equation 

One of these values is however 'y=—'^, since the 'y^-equation is satisfied on writing 
therein v^—Wy hence, writing 

we have an equation 

containing the factor {v-{-uy^ and which, divested hereof, gives the required modular 
equation of the order 12, which was in fact obtained in this manner. 

Observe that writing ^^=1 we have (^+1)^(^— 1)==:0, or say 6^=6^— 6^= -^\^ ^==1 ; 
the modular equation then becomes 

{(t;-l)^(v + l)}X^+l/(^-l}^(i; + l/=0, 
that is 

{v-iy%v-^iy={i. 

The Multiplier IJ^uation.- — Article No. 29. 

29. The theory is in many respects analogous to that of the modular equation. To 
each value of v there corresponds a single value of M ; hence M, or what is the same 

thing Tj, is determined by an equation of the same order as v, viz. n being prime, the 

order is =^+1. The last term of the equation is constant, and the other coefficients 
are rational and integral functions of u^^ of a degree not exceeding ^(^—1); and not 
only so, but they are, n^l (mod. 4), rational and integral functions of ^^(1—^^^), and 
^—3 (mod. 4), alternately of this form, and of the same form multiplied by the factor 
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The values are in fact given as transcendental functions of q; viz. denoting by 
Mo, Mj, Ma . . ., M„ the values corresponding to ^^oj '^n ^a? • • • '^» respectively, and writing 

, y {l+q)(l+f)il+^q)...{l-q^){l-g'){l-g')... 



then we have 



M 



=1+22- +2^^+22" +23'®+ . . ., 






]^ --. — vi__^ ^ ^ (05 an imaginary ^th root of unity) 



f{aq^) 



M,= 



fq 



fir) 

Hence, the form of the equation being known, the values of the numerical coefficients 
may be calculated; and it was in this way that Joubeet obtained the following results. 
I have in some cases changed the sign of Joubert's multiplier, so that in every case the 
value corresponding to ^t=0 shall be M=l. 
The equations are :— 

^^zzz3, ^r-^. '1^=0, this is 



M* 






1 

1 MS- 







+ M?-- 


6 




1 VI- 


8(1- 


-2v?) 



(m-i)Xm+3)=0- 



M=l, it is 



(m+^J (m~^J— '^• 



-3=0. 



^i=5, j^6 ^^=0 or 1, this is 

+M5--10 \U-^) \U-^)=^- 



^. -26 +256^X1 -M') 

MDCCCLXXIV. 3 K 
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^^=0, this is 



n=. 


-7 ^ 








+M7- 









1 


28 






1 


, +112(1 


-2u') 




1 

"r A/r4 • 


210 





+^3.+224(l-2««) 

+ ~2 . -140-21 . 26^u\l-t(,') 

-f i . {48+2048MXl-«O}(l-2tf«) 
+7=0. 



"TMIO • — 00 



(m-i)^(m-7)=o. 



^^=1, it is 



M+i)'(m+7)=0- 



__-i^ I ^^=0, this is 



, J_ ^^ 



^-i)"(m+ii)=^ 



%=l5 it is 

M10-— "V. 



(m+i)"(h-ii)=o. 



+jp.+440(l-2tO 

+ -.-1485 

+j^,. + 3168(1 -2«*'') 

+jlg . _4620-3 . 11^ 256u\l-u') 

+M6 ■ {+4752+11 . 4(}%u\l-io')}(l-2u') 

+1J4 . -3465-3 . 7 . 11 . 512u%l-u') 

+i- {+1760+11.83. 2048^^^(l-««)}(l-2^*'') 

+ 1^2 • -594-9 . 11 . 37 . 25Qu%l-u')-S . 11 . 131072{t6«(l-M«)}^ 

+ ^{120+15 A0mu%l-u')-62i288{i(,%l-u'}r}(1^2u') 
-11=0. 
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The Multiplier as a rational function of u^ v. — Article Nos. 30 to 36. 

30. The multiplier M, as having a single value corresponding to each value of v^ is 
necessarily a rational function of % v ; and such an expression of M can, as remarked by 
KoNiGSBERGER, be deduced from the multiplier equation by means of Jacobi's theorem. 



M^ 



nkll'-k^jdX 



viz. substituting for ^, X their values u^^ v^^ and observing that if the modular equation 
be F(ic^ v) = 0^ then the value of j- is =— F(?;)-t-F(^^)5 this is 

and then in the multiplier equation separating the terms which contain the odd and 
even poveers, and writing it in the form $(M^)+M'^(M^)=05 this equation, substituting 
therein for M^ its value, gives the value of M rationally. 

The rational expression of M in terms of n^ v is of course indeterminate, since its form 
maybe modified in any manner by means of the equation F(^^, v)=:0; and in the expres- 
sion obtained as above, the orders of the numerator and denominator are far too high. 
A different form may be obtained as follows : for greater convenience I seek for the value 

not of M but of lyj- 

31. Denoting, as above, by Mo, Mj, . . . M^ the values which correspond to v^, v^^ . . . v,^ 

respectively, and writing Sj^=-i + ~. . . +-L &c., we have S^, S^, &c., all of 

them expressible as determinate functions of ^; and we have moreover the theorem that 
each of these is a rational and integral function of ^^ : we have thus the series of eiquations 

where A, B, . . . H are rational and integral functions of u. These give linearly the 
different values of jj ; we have in fact 

where S^i, ^V{v^^ &c. denote the combinations formed with the roots v^^ v^^. . , v^ (these can 
be expressed in terms of the single root Vq); and we have also (Vq—vJ . . . ('^o— i'J=F^(yo) : 

the resulting equation is consequently F% jj- =^(u^ %), R a determinate rational and 



integral function of (tc, Vq) ; but as the same formula exists for each root of the modular 
equation, we may herein write M, v in place of Mo, Vo ; and the formula thus is 

3k2 
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viz. we thus obtain the required value of t? as a rational fraction, the denominator 

being the determinate function F% and the numerator being, as is easy to see, a deter- 
minate function of the order 7i as regards v. 

32. The method is applicable when M is only known by its expression in terms of q ; 
but if we know for M an expression in terms of v^ ii^ then the method transforms this 
into a standard form as above; and byway of illustration I will consider the case ?2=3, 
where the modular equation is 

and where a known expression of M is ^=1+ — . Here writing S_„ S(,(=4), S, &c. 
to denote the sum of the powers —1, 0, 1, &c. of the roots of the equation, we have 

STr|=S(,4-2^f'S_„ =0 , as appears from the values presently given, 
S|f=S.+2w'S„ , =6< 



M 

M 

t 
M 



S^=S,+2^f='S, , =0 , 



S||=S3-t-2^^'S2 , =6^«; 



and observing that v„ being ultimately replaced by v, we have 

that is 
we have 

+(2w^+«)(S,+2m='SJ 

+(2m'«+«^XSi+2«''S„) 

+ (-2^f + 2ttV^-^)')(S„^-2%'S_,), 
viz. this is 

2(2t;'^-3«V-^f)^= «'(S„+2^t'S_,) 

+ (S3+4^6^S2+4^t''Sl-2^^So-4^s*S.l). 
But we have 

and the equation thus is 
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1 . 2u^ 

to verify which observe that, substituting herein for ^ its value 1 -| , the equation 

becomes 

that is, 

2v^ + 4:V^u^—4:VU—2ic^=0^ as it should do. 

33. Any expression whatever of M in terms of u, v is in fact one of a system of four 
expressions ; viz. we may simultaneously change 

that is, signs are 



tc 



V 



ffi-l 



1^ 

M 



into V, (— ) 8 tt^ ( — ) 



or 



or 



1 

u 

1 

' 4 

v' 



1 



2 -nM. 



V- 



v!^M 



«2-l 



W-1 



2 ic— t. ^ 



^=1 



MIwJiNIUh aMa^HMB (HBi|aMIII> 



„ [,,, , I ■ ...r, 



-L- -L J- 



n^n 



mm^imm 






"f" — -— 



72 ==5 









**"4"'* !■■■■■ aavAMMB 



i^=7(mod. 8) 






J- a. J- 






Thus n=B. starting from -^=rl4-— we have 

^ M V 



1 -1+?^ 



m=i-K-ir=^i+^4 



VP 



2u 



3M=l-^; 



and of course if from any two of these we eliminate M, we have either an identity or 
the modular equation ; thus we have the modular equation under the six different forms : 

(1, 2) (t;+2^«='Xtt-2«')^-3^^«=0, 

(1.3) v\v-\-2u')-%{v?-\-2v)=(i, 

(1.4) («+2tt«)(«^-2%)+3i(*=0, 
(2,3) (zi-2t;^)(tt^4-2«)+3»^=0, 
(2, 4) v{v'-2u)-u\u-2v') =0, 
(3, 4) (w" + 2v){v^—2u)+ ^it^v^ = 0. 

34. Next 7^=5. Here, starting from ||=^_ ^3 the changes give 



M v{l —uv^) 



v—u^ r^ u-\-v^ ^;^ 'i^{v—u^) ^^^ ryr u^{u + v^) 



u 



{l-\-u^vy u'^M. u^l-uv^Y v' 



3.,\ ' 



v\l-\-vPv) 



viz. the third and fourth forms agree with the first and second forms respectively ; that 
is, there are only two independent forms, and the elimination of M from these gives 

which is a form of the modular equation. 

6b. in the case n=l, startmg from ^= - — ^ ^^^ — ^ (as to this see post^ 

No. 43), the forms are 
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1 ^—^u{l'—uv){l'—uv-i-uV^) 



M u—v^ 



(1) 



I XVJL •— ••« '" fH ' ' « • • • • • • • » 1^1 



v"^ '-'JV'^{1-'UV){1'—UV + U^V^) 



v'^M u^{u-v'^) 



«• « • • • • • • V/ 



so that here again the third and fourth forms are identical with the second and third 
forms respectively ; there are thus only two forms, and the elimination of M gives 

{u — v^){v — it^) + 7itv{ 1 — uvfQ. —uv-^ ic^v^y = 0, 

which is a form of the modular equation. 
36. If in the foregoing equation, 

1 

we make the change t^, v^ ^ into v^ +tc^ +^M, it becomes 

and combining these equations, we have 






or substituting herein the foregoing value 

this becomes 

_ ?;(l--?;^) _ B(z;, ±z^) +for ?^^ 3 or 5 (mod. 8), 

+^l-^^^)~~ E(t«, ?;) _for ^^zeiI or 7 (mod. 8), 

which must agree with the modular equation: thus in the last-mentioned case ^^=3, 
where we have 



or say 

and therefore 

the equation is 



E(^^, '?;)= (f%^+2t*%+l)t^5 



which is right ; for Jacobi, p. 82, the modular equation, gives 

l-'^^«=(l^^^VX^V+2i^^^+l), l-?;'==(l-^eV)(^V^2t^^^+l), 



OF ELLIPTIC EUNCTIONS. 427 

Observe that the general equation 

no longer contains the functions Fv^ F'% which enter into Jaoobi's expression of M^. 

Theorem in connexion with the multiplication of JEllijptic Functions. 

Article Nos. 37 to 40. 

37. The theory of multiplication gives an important theorem in regard to trans- 
formation. Starting vrith the ^^thic transformation, 

we may form a like transformation, 

such that the combination of the two gives, a multiplication, viz. for the relation 
between y, 0, deriving w from v n.s v from u^ we have w=u; and instead of M we have 

M', =+-—; that is, we have 



% __ Wdz 

and thence 

J -ir-az 

ax ~^ 



Vl-W^.l-U^M^ Vl-Z^. 1-U^Z^' 



n-l 



or writing ^=:sn ^, we have ^= +sn^^; + is here (— )"^3 viz. it is =•— for ^^= 3 or 7 
(mod. 8), and =+ for ^^1 or 5 (mod. 8). 
Now in part effecting the substitution, we have 

1 + ^—1+,^ \P + Q^/ • \^F-i-QV, 

where y denotes its value in terms of w. 

And from the theory of elliptic functions, replacing snnd^ snO by their values +^5 x. 

we have an equation 

l-^z 1—^ /A— B.2? + C<^^-— . . 



(; 



where A-— B^+C^^— . . . , A+B^+C^^+... are given functions each of the order 
^(n^—l) ; viz. the coefficients are given functions of k^ or, what is the same thing, of u;^. 
Comparing the two results, we see that in the nthic transformation the sought-for 
function, a+i3^+y^^+- • • of the order ^(^z— 1), is a factor of a given function 
A+B^+C^^+* • • of the order -|(^^^— 1). 
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38. Considering the modular equation as known, then by what precedes we have 



a+j3^+y^^+- • • =06 ^ 



/^ -~ I ^' ^M»~i) 






that is, the given function A +B.i; + C^^+ .. . has a factor 1+-^+. • • + ~~^'^'*"^\ of 



w^ 



which one (the last) coefficient — is known, and we are hence able theoretically to deter- 
mine all the other coefficients rationally in terms of ii^ v ; that is, the modular equation 
being known, we can theoretically complete the solution of the transformation problem. 
I do not, however, see the way to obtaining a convenient solution in this manner. 
39. The formula in question for ^^=: 3 is 

which, putting therein ^=sn ^, 0= — sn 3^, and replacing k by te^ may be written 

where the signs (-^) indicate denominators which are obtained from the numerators by 
changing the signs of z^ w respectively. 

The theorem in regard to 7i=:3, thus is, 1^ — ^ is a factor oil^2x+2uV'—tf^^w^ ; 



viz. writing in the last-mentioned function w='—^j we ought to have 

It 



0: 


=1 + 2 


w^ u 








that is 












u* 


—luv- 


-2?(V- 


•«^=0, 






which is in fact the modular equation. 










40. And so for w 5 if a;— sn 


5, z— sn5^, and for 7 


1—1 if X snS, z — sn7^, the 


formulae are : — 












n 5, 








11—7, 




l+z—{l+a;){ 1 




1+3= 


■-{1+x) 


{ 1 




(-) + 2 X 




{-) 




4 


.r 


— 4 w'^ 








- 4 


9 
.T^ 


— lOu' x' 








+ 4(2 + 7^<') 


W^ 


— 5^4* x'^ 








-Uu^ 


W'' 


+iu\^-\-2u^y 








-2Su\Q + 2u') 


.T' 


+4?f«(l %i^)x^ 








+28m«(4+ u') 


X^ 


4?f^(2 + 3ttV 








+ 4u'{ 16+ 51w'+ 


8u'')x' 


— Sm'" x^ 








- u'(lU+^05u'+ 


lQte')x' 


+10^f"' x' 








- 8u'( 4+ 25^^«+ 


lQtt'^)x^ 
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+ iw"* a?'" 



- .2w 



24 



X 



u 



M 



Term in { } has factor 



/3, 



W^ 



1+ -^-1 — ^^ ; 



^^z=l, term in { } is 



+ 8u'( 8+ 67^'+ 46i^^>^^ 

- 4«^^^( 56 + 161^^+ 56zt^>^^ 

+ 8^6^X 46+ 67u'+ 8u''y' 

- 8u''( 16+ 25^^+ 4:u''y 

-~ t^^X 16+305i^^+144t^^V' 
+ 4^^24^ 8+ 51tt'+ IQit'^y^ 

+28u'% 1+ iu') w'' 

-28u'% 2+ 3^«) x'^ 

+ 4^t^^(7+2i6«) 



Au 



48 



+ t^ 



48 



Term in { } has factor 



iS 



u* 






u=:l, term in { } is (l+wYXl—xyK 



w 



X 



X 



X 



,23 



x''*Y 



The transformations ^=3, 5, 7, 11. — Article Nos. 41 to 51. 

41. The cubic transformation, ^=3. 

I reproduce the results already obtained ; since there are only two coefficients a^ 0, 
these are also the last but one and last coefficient f, c. Hence, from the values of a, (3, 
g*, 0-, we have 



a 



=1, 



;«: 



mVM v 



4 5 



2^: 



M 



1 



,3 



. 1 



U . U 



a ^^ 



2u^ 



the two values of ^ are thus ^=2-3+-49 =1+ — , giving the modular equation 



v^ + 2?; V —2vu-'tt'^=0; 



and we then have 



w /v — u^w 
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42. Thequintic transformation, 7^=5. 

Here there are the three cqeflEicients a, 0, 7, or jS, y are the last but one and last 
coeflScients g, <t; we have 



1 . u' 

V 



2/3=^-1, 7 



1 5 

Comparing the two values of S, we have ^^=:~^^^^--^ and then 

Ci=l, 2^==-^- 3-^, y=:_, 

6(1— "'z;'^?^) V 

SO that only the modular equation remains to be determined. 
The unused equation is 

2ay+2c.^+^^=S(2^y + 2^7+0^), 



which, putting therein ^=1^ may be written 

attending to the value of 0, this divides hjit^—v^; in fact the equation maybe written 

and then completing the substitution, and integralizing, this becomes 
viz. this is 

and the term in { } being ==: — {v^—u'Xl+vti^ the whole again divides by v'^—u^, and 
the equation thus becomes 

which is the modular equation. 

43. The septic transformation, n=7. 

I do not propose to complete the solution directly from the fundamental equations 
for 01, 3, y, S, but resort to the known modular equation, and to an expression of 
which I obtain by means thereof. 

The modular equation is 

which may also be written 

(v — v?){%i'--v^) ■^1m{l'-imy{l — OT + u^v'^y, 
as can be at once verified ; but it also follows from Cauchy's identity, 

{x + yy — x^ —f= 1xy{x -\-y){x^ + ^2^ + /)^ 



We then have 
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^,^ 1 il^v^vPv 



Moreover 



n {l'—u^)uF'u ' 



uE^-%=z — '^^^(l — v^) -^-uvil— uvy 



u^ 



j3^(l — uvf + uv{l — uvj 

(1 —uvV , _. 



and similarly 



whence 






1 — ^U (v — W^) 



Writing this under the form 

I find, as will appear, that the root must be taken with the sign — , and that we thus 

44. Eecurring now to the fundamental equations for the septic transformation, the 
coefficients are a, (3, 7, ^, and we have 

4> 



«=1 , 27=mv(^-^4J, 



1 w'' 

SO that the coefficients are all given in terms of ?;, M. The unused equations are 

which, substituting therein for a, ^, y, S the foregoing values, give two equations ; from 
these, eliminating M, we should obtain the modular equation, and then M in terms 

of tly V. 

Substituting in the first instance for cc, I their values, the equations are 

7^ + 2^y + (2+2^)-=^tVj2y+2^7+2-+^'^i. 
The first of these is 

4(l-«f«X23H-2y)+40^-4 5 /=:0, 
viz, this is 

3l2 
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2 
or observing that in this equation the coefficient of ^ is 

=(1— t^V)(l— t^t^)^5 =(l—uvy{l +m), 
the equation becomes 

45. This should be satisfied identically by the foregoing value of j^; viz. it should 
be satisfied on writing therein 

1 ^u v—u^ 

M "" u^ ' 

that is, we should have 



-7 ,(,-»')(l-^)-lMl-»)'(l+«V) 



+ (%-'y7)|l-^f«-4(l-^t^J)(l^-^) 



=0, 



where observe that the — sign of the second term is the sign of the foregoing value of 

1 

y^ SO that the identity being verified, it follows that the correct sign has been attributed 

1 

to the value of ^ • 

46. Multiplying by v^ the equation is 



viz. this is 

-.7(l-t^')(l-i;')+7(l-tei;)(l--i;«)-~14^41-w)^(l + ieV) 

In the second column the coefficient oi\--%v is l—ii^—v^^ viz. this is 

= (1 — i^^}(l— i;^) + l-- (^^i;)^, or it is ={\.—%vf'\'\--{imJ, 

Reducing also the other two columns by means of the modular equation, the equation 
thus becomes 

j^ 8 i^-^mY 
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This is in fact an identity ; to show it, writing for convenience 6 in place of uv, and 
observing that the terms 

-{l-6){l-^)-^%{l~e)\ 
= (i_^)!'{8_(l-{-^+^2+^+^*+^»+^«+^7)} are 

= (l-^)'(7+6^+5^^+4^»+3^*+2^'+^), 

the whole equation divides by (1—9)"; or throwing out this factor, it is 

_6(1— 9)»-(l— ^)«4-7+6S+5^'+49'+39H2^'+^ 

- 14^(1 -^)(1+S^)-28S(1-H^)'=0. 

The first line is =149(3— 5fl+ 63^— 3Q'+S^); whence, throwing out the factor 149, the 

that is 

or throwing out the factor 1—6+6'^ the equation is 

which is an identity. 
The other equation is 

yH2i37+(2 +2/3) -=«*v(27+2/3y+2 -+i8^j ; 

that is 

7-^+2/37-. teVi3^+2(l+i3)(~yt^v) -.2^6^l;== 

which might also be yerified, but I have not done this. 

47. The conclusion is 

where 

1 — 7w (1 —uv) {l—uv-^- t^V) 

and of course 

lT^~iTS \l-\-^w + yx^-{-^x^) ' 

but the resulting form may admit of simplij&cation. 

48. The endecadic transformation, ^=11. 

I have not completed the solution, but the results, so far as I have obtained them, 
are interesting. The coefficients are a, jS, y, Kh ^l ^^d we have, as in general, 

a=l , 2g=:itV(^-^j, 

1 U^^ 

on 1 y 
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The unused equations then are 

M-^(2yg+2<+27S+2i3s+2j3?+S^)=«V+2as+2<+2yH2/3s+2j3S), 

^r"'(sH2y?+2Ss + 2S?)=^;=(2ay+2a§+2/3y^-i3^);: 

but I attend only to the first and last, which, it will be observed, contain y, h linearly. 
If in the first instance we substitute only for a, ^ their values, the equations become 



-/3(2+/3)-5^(a+2^) 



IC 



W^Y 



+^^^2y 



— 'jw/9 



m\2lz=% 



v 



say, for a moment, these are 



+ 



fL_^ 



uv u 



(l+/3)}.2y+|^-^^:+ 



%c 



■12 



sL2S=0; 



giving 

JLJLv/l. O 



A+P.2y+Q.2S=0, 
B-f-R . 2y-4"iS . 2^=0, 

l:2y:2S=PS-QR:QB-SA:EA-PB. 



=i{^+(«V^-^ 



+ i'yi^'^' 



%ji}'v'+'M~-W€- Ui^d'-^uh^ l, 



where the terms containing j| disappear of themselves, viz. this is 



^(~- 'iv}'^+'M-vF^ \ 



(observe that the term in ( ), equated to zero, gives the modular equation for the case 
5^=3). It thus appears that y and ^ are given as fractions, having in their denominator 
this function u"^ + ^uv — 2u^v^ — #. 

49. To complete the calculation, we have 



i4iJJ— 'jCI,^ 



m . ^1, 






*.-/3(2+/3)-5e(a+2^')j|^^ 



V^ S 

, — 4- — 



V ! 



viz. multiplying by 8, and substituting for 2/3, 2g their values, this is 



8(QB-AS)=-2to^ 






M+ v^ 



uv 



2^2 3 

2 "7" 



?." 1 



e^ 



u^M 
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or, what is the same tiling, 

Sv 



w 



(QB-AS)=2{..^.^(^-^)^-.^(^-l)^" 



+ 



M' 



viz. the left-hand side is 



i) (h+3) -^'{n-i) (m+3 $)}(«*- v#+S) 






8» 



or say we have — -j(QB— SA)=n, where 



n= 



jrp.W^l— «') 



M' 



+^. 4^«V-f «Xl-3M=)-4t*V4-2tt* 

-f- . ." — 2«*4-6t)V(l— w'j+tt^f— 3-f 5tt^); 
wherefore the value of 2y is =:|n-f-('U* + 2'i;V— 2t7M— m*). Similarly, writing 

1 



n' 



M' 



.vXl-v') 



+Mt.<«'-2wXl--'*^') 



+Tr| . 4^^V^-»'(3— ti')+4Mt)— 2«fV 



we find 



2^ =1 ^ n' 4- {v* + 2t; V - 2vu- ii*); 



in verification whereof observe that this being so, the first equation gives the identity 

{(m-i) (m+3) -v^{u-t) (^+^)|K+2«v-2«.-«^)+n-n-o. 

50. The result is that, writing for the moment ^^+2'yV— 2m^— 1^^= A, the values of 



the coefficients are 



and 






the modular equation is known, and to complete the solution we require only an expres- 
sion for M in terms of t^, v. 
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51. We may herein illustrate the following theorem, viz. we may simultaneously change 
I 1 1 ?;^ 1 

?i, i;, 5|, a:/3:y:S:s:?into ~' "' ^ m' ^ * ^ • ^ • y-*^ • ^• 
Thus in the equation 



-=-i-/ ^ — 1 Y making the change, we have 



£ 



- 1); that IS, o ,,4( ivr"~-„4 )— ■■2(^,4 iv/r"~^ )? 



w^hich is right. 

TT 

So in the equation -=:^^, if for a moment (H), (A) are what H, A become, the 

.• • ^ i(n) ,u .• 1 n' (H) ,„. 1 (A)^/ , . , . , (A) 1 

equation is ^=i (a)^ that is, -3 aT^^'ia)' ^^ W'^i? A ^^ ^^* obviously -^=-:^^; 

and the equation thus is (11)=: — - -j^^ IT', or say u^^v\ll)= —U! ; that is 



,12 



r !^ JL 1/1 n/i i\ 

2^ 1 4 1/.. 

+ 2^4- M \7^7+^4\^-l 



3^\ i_ , ^ 

^8 1 ^^3^3"^^4 



"~ Z;4 + t;3w3 (^1 --- ^8 j + ^4 (^ -- 3 + ^8 j |, 

which is right. 

The general theory by q-transcendents. — Articles Nos. 52 to 71. 
52. I recur to the formula 

and seek to express the ratios a : ^ . . . : c in terms of 3^. "Writing with Jacobi cj= ~ — •-^_ , 
we have in general 

(snc = sin co am ; viz. snc 2i:y=sn(K— -2^), &c.), 

and the values of 05, ^, . . . ^ which correspond to the moduli Vq^ v^^ ... ?;„, or say the 
values (oto, 00? • • • ^0)5 (o^i? ^n • • • ^1)5 • • • (o^n^ l^ny - 4)? ^^6 obtained by giving to co the values 

^0 5 ^1 5 ^2 • • • ^M 
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viz. the cases a^q, of^ correspond to Jacobi's first and second real transformations, and the 
others to the imaginary transformations. 

I remark that &>=a}o giYes for snc 2gct) an expression which is rational as regards q, 

but ^==^^ an expression involving q""^ the real ^th root of q ; the other values, o^j, 6;2? • • •? 

give the like expressions, involving c^f'', a^q""^ ... (c^ an imaginary wth root of unity), the 
imaginary ^th roots of q. 

53, I consider first the expression 

1 1 _^dn2ffmQ 

snc2got)Q^ sn(K— 2^Wq)' cn2gwQ 

Here, writing 2g&>Q=: (| for Jacobi's ^, as o? is being used in a different sense), that is 






2^7r 






(and thence e'^z=:e "^rze^^, e^'^=a^^^ if 05=0**, an imaginary wth root of unity), we have 
(Jacobi, p. 86) 

1 , 2Kf 2K? 

dn rcn 



snc 2gcit)Q w ' tt 

C 2e*t (1 4. qe^i^) . . ( 1 + ge~2^^) . . 



B 1 + e^^^ ( 1 + q^e^^^) . . ( 1 + g^e-^^'^) . . 



that is 



snc 2^Wo"~'l + a2^ *«^ ^^^ * (1 +a''^^^) . . (1 ^-otl'-'^^q) . . 



? 



where, for shortness, I write (1+qe^'^). . . to denote the infinite product 

{l+qe''^){l+q^e^'^){l+q'e^'^) . . ., 

and similarly (1+5'V*^) ... to denote the infinite product (1 +£V"^)(1+£V*0(1+2^V*0 • • •? 
and the like for the terms in e"^'^: the notation, accompanied by its explanation, is quite 
intelligible, and it would be difficult to make one which would be at the same time 
complete and not cumbrous; and then attributing to^ the values 1, 2 . . .^(n—1)^ and 

forming the symmetric functions of these expressions, we have the values of ^, ^^ &c., or 

a being put =1, say the values of ^5 y, . . . r. 

54. I stop to notice a verification afforded by the value of ^q. Putting tt=:0^ that is 
q=:Oj we have 



2a^ 



snc 2ffWQ 1 + a^^ ' 

and thence 



^o-2 



.2 ^3 ^Un-l) 



"^ a a* . or . ot^^ 
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n—\ 



\ 1 . 

we have 2^o=TT- —1; and putting as above ^^=0, the value of ^^ is =( — ) ^ n; 



M 



whence 







Mo 



a theorem relating to the imaginary nth. roots of unity, n an odd prime. In particular 

n=3^ —4=4- 



n=z5. 



4 — 4 



, g k at once verified by ^^+^ + 1=05 
lT^2+lT^}' ^^lified by a^-l=:{) 



(viz. the theorem is also true for the real root c^=l); in fact the term in { } is 
(a(l+a') + a%l+a''))-^(l+a'')(l + a% that is (a+l + cc^ + a')-^(l + a^ + cc' + cc), 



1^ 



n=7, -8=4 






which may be verified by means of a^4"^^4-^^+a^+^^+^+l = ; ^i^^ so on. 
55. I further remark that we have 



M, 







r^w^'-i). 



sn 2cOq . sn 4«Wq . . sn (?^ — 1) a)^ 
snc 2cttQ .snc 4c/;q » . snc (n— 1) Wq 



But Jacobi (p. 86), 



Bn2q&f. =sn ? 



where (p. 89) 



that is. 



Hence 






AK \^q 



1 . 



L(H-^^j(H-g^)...J 



i/~%). 



sn2ff«?o _ ot^g"— 1 1 — g^g-g^. . l+«^^g .> 1— g^^"^^^^. . 1 + u'^-^^q . . . 
snc 2^Wo""i(a2^+ 1) 1 + «2g-g2^ . 1 — a2§-g ^ ^ 1 + aP'-^sf, . 1 — a«-%-^.. ' 



and giving to g the values 1, 2, . . . |(^^—1), and multiplying the several expressions, we 



have the value of ^j-, viz. this is 



M, 







1 — Y Ww-DJlj (^^^+1)^ 



M, 







i2(^2^+l)2 



K(^), 



where E(§) denotes the product of the several factors which contain q_. 

n-~\ 

56. The (jp) of the denominator gives a factor ^'''"^, =(— )"2~, which destroys the 
factor (— ) 2 . "V^e have then a factor 



n 



a^^-i 



^iEjIl ) 5 which is =(--) 



i(«-i),, 



^. 
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In fact, ^=3, this is 



c 



-3, 



viz. the numerator is a— 2a^+l5 =— -Sa^, and the denominator is (— a)^ =u\ 
So n=:5^ the formula is 



(: 



«^-l a^~l 



= 5, that is)-^^ — 7T9=&> 



or 

viz. this is 5(l+a^+2a^)-— (1— 4a— 4a^+a^+6oj^)=05 v^hich is right; and so in other 
cases. 

We thus have 

which, on putting therein ic=0^ that is q=0^ gives, as it should do, |^=(— j^^'*-*^. 

57. As regards the expression of E(2'), observe that giving to g its different values, 
the factors l—a^^q^ and 1 — a'*-^^^^ are all the factors other than 1—g^ ^f 1"~"2'^% ^^^^ 
so as to the other pairs of factors ; viz. we have 



viz. this is 



that is 






2 






agreeing with a former result. 

1 
58. We have of course the identity 2^o=AF•-— 1; that is, 

(^=1, 2, . . 1(01—1)), which, putting therein g'^O, is an identity before referred to; a 

form perhaps more convenient is obtained by dividing each side hjf%2)' 
59.1 notice further that we have 

VQ=tt''{BiiG 2coq snc 4:0^0 . . . snc (n-~l)coQ} ; 
the term in { } is 

^^ 2a^ «/ ^^^ ll+cc^ q) ..{1+ oe'-'^sq ) . .' 

1 _1_ ^e" 1-4- ot^ 

where we have 11 — ^ =(—)*("'- '^. For example, w=3, the term is —^ =—1 ; 

3 m2 
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n=:5j\tiB 



(l + a^)(l + «'*) 



l+a^-f-w +^ 



a, a 



2 



W- 



— X I 



^=7, it is 



(l+a2)(l + a^)(l + a^) l + a + a2 + a3 + a4 + a5_^2a« 



u,a^ ,oi^ 



a 



6 



= 1 



and so on. The term in question thus is 



that is 






This has to be multiplied by ^% ={\/^yi^f''(i)^ ^^d we thus obtain 

agreeing with a former result. 

We have in what precedes a complete g-'transcendental solution for the transformatio 
prima; viz. the original modulus k%=to^) being given as a function of ^, then, as well 
the new modulus Xl{=vl) and the multiplier M„, as also the several functions which 
enter into the expression 



1— W 1—^1 

— -^z=z— i 

1+y 14-^ 



_^\ ( 



X 



snc(w— 1)«)q 



1-+ 



X 



snc2a) 



v'"*r"^ 



X 



snc(?i — l) 



"^o/J 



h 



are all of them expressed as functions of g, 
60. I consider in like manner the expression 



dn 2^0)^ 



snc2^a?« sn (K— 2^«?^) ' en 2^a)« ' 

2Kf 
Here, writing 2ga;^=-^ (^ instead of Jacobi's w as before), that is 



and thence 



we have 



'XT' ' *yrl 



2K 



e^^=:e' 



n K 






n 



1 , 2K? 2KJ 

=an -f-cn- — ~ 



o 



sue i^^aj;^ 



TT 



TT 



§' 



1 + ?^. 



i^!!*, 
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where the notations are as follows : 

(1+2 **) • • is the infinite product (1+2' '*Xl+2' "*)(!+!? "") • • > 
and 

(l+/"^«) . . the infinite product (1+2^ ^)(l+2^^**Xl+2' ^^) • • ' 
and the like as to the expressions with exponents containing -E^. 

ft 

And then attributing to g the values 1, 2, . . 1(^—1), and forming the symmetric 

functions of these expressions, we have the values of s ™5 . . ™ ; or m being put =1, say 

the values of ^, y, . . . c. 

It is easy to see, and I do not stop to prove, that if instead of 01=^^ we have 

o)=0i)^^ ^2 . . . or ^^_i5 w^e simply multiply qj" by an imaginary nth root of unity ; that is, 

1 
replace the real ^th root g^ by an imaginary nth root of f. 

In the case t^=0, that is ^y^O, we have — -^ — =0, and thence 3=0; and the like 

1 1 

for the values m^^ %, . . . c^n-i • the equation 20=^j— 1 gives consequently for ^5 n values 

each =1, agreeing with the multiplier equation. 
61. We have for M„ the formula 



M 



■I. iiji " """"^^ I ^mMmhii* I i«i » ' ^ ""■"■"' '"■"■ ■""■ ' ■ " ■ ""™' ' 1 .■ .1 . «... ._._,—_.-„.,—«, _„„, , — '■■■"•">■ ^ 



snc2ca^snc4co^4. ..snc(?i— -l)w 



and, as before. 









2ir {^-q ^)..(l-g ^).. 



hence 



^ 2+-^ 1+^ 2-^ 1-^ 

m^gmn __ g^-1 ^ (1-g ^)>» (1 + g ^).. (1-g ^»)>. (i + g ^)>> 

Snc2^ca» |(gf+l) (l + g'-*T)..(l~g^-*-f)..(l + g'"-f)..(l-g^-f).. 

and we thence derive the value of ^ ; viz. observing that we have in the denominator 
^^•2ji(.j^i)^ _.^_ji(w-i) ^fhich destroys this factor in the expression of .^-p, this is 

( % % ^g . Hg 2g \ ^ 



Now, giving to g its values, it is easy to se6 that we have 

2 
n(l-2-)(l-2 «)..(l-2 n)^^=^-^-^-, 

2 2 4 6 1 

where (1— -2^). . denotes (1— 2'*)(1"~"^'')(1"~*2'')- • ' ^' ^^ ^^ ^^^ ^^^^^ function of g^ that 
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(1-2^).. is of 2; also 



1+^ 



where (1 +g^^) . . denotes (l+g'^)(l +g^«)(l +§'*) . . , viz. it is the same function of q*' that 
(1+q) . . IB of q; and the like as to the denominator factors : we thus have 

< ' " ' "" ' '""""""' ' — ' — — — — — ■ ^ — — — «■ — — -_ 



M 



n 



{l-q^).. (1+g).. (l + qn).. il-qn)..j 



viz. this is 



or we have 



{l-q^)..{l + q).. 



2 112 



^ : 



• • 



M 



n 



f{r)~f{q). 



agreeing with a former result. 

We have 

1 



2 



■+ 



1, that is 

• • • " I '"' 



i 1 



f{qn) 



J-5 



a result which, substituting on the left-hand side the foregoing values of the several 
functions, must be identically true. 
62. We have also 

%=:%fr'{m.c %a>^ snc ia>^. . . snc (^—1)^^}, 

where the term in { } is 



2g 



2 + 



2^ 



W-%s) 



2- 



sg- 



2gw (l + g w)..(l + g «).^ 



or observing that the sum of the exponents - is -{1 + 2 . . +i(^—- 1)} =^^-^r~? this is 



8b 



./— fe) . 



(1 +?«).. (1+9). 



«2— 1 J 



. ( A/2f'''^q ^"^ (1 + g^) . . (1 + g«) . 

„, the la.t facte being/fe^)./fe), the expresdon is 

1 



n 1 



/~"(g) ^,/^j.-i g- ' ^''/(r); 



w 



or^ multiplying by '^^% ^{s/'^T 9.^ f%g)^ we have 



agreeing with a former result. 



%=s/2q'''f(rl 
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We have in what precedes the complete §'-transcendental solution for the transformatio 
secwida ; viz. the original modulus k(=u'^) being given as a function of q^ then, as well 
the new modulus X„(='y^) and the multiplier M^, as also the several functions which 
enter into the formula 



^ 



^z=z — -^ 



snc2a; 



;)•■•( 



1 



W 



snc(?2 — l)wrt 



>(^- 



w 



snc 2a? 



n, 



(l + 



X 



Y 5 



Bnc{n— i)con 



are all expressed in terms of q. The expressions all contain q^^ and by substituting for 
this an imaginary nth. root of q^ we have the formulae belonging to the several (n—l) 
imaginary transformations. 

63. As an illustration of the formulae for the transformatio secunda I write ?^=7 ; and 

putting for greater convenience q^^r^ that is r=27, then we have 



snc 2w- 



2/WA, 3l^=2/^(rOB, ,:h^=2/V)C, 



where 



A=r ^'1^-' 9.23.. 
2. 16... 12. 26..' 

Bo 3 . 17 . . 11 . 2iD . . 
4.18.. 10.24..' 



C=f\ 



X . XD . • Xo . Ji f • . 

6 . 20 . . 8 . 22 . .' 



where the numerator of A denotes (l+r')(l+r^^) . . (l+f^)(l+^'') • . , and so in other 
cases, the difference of the exponents being always =14. And we have, as mentioned, 
the identical equation 

The values of the several expressions up to r^** are as follows. Mr. J. W» L. Glaisheb 
kindly performed for me the greater part of the calculation. 



Ad.4. 
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ind. 


A 


B 


C 


sill m 


Multiplied by 


fir) 


ofr. 


xX 


Xj 


lOUllJ* 


/^O- 


■^fif). 

















+ 1 


1 


+ 1 






+ 1 


+ 1 


+ 4 


2 




+ 1 




+ 1 


+ 1 


+ 4 


3 


— 1 




+ 1 











4 






+ 1 


+ 1 


+ 1 


+ 4 


5 


+ 1 


+ 1 




+ 2 


+ 2 


+ 8 


6 


+ 1 


— 1 













7 


1 






— 1 


- 1 


- 4 


8 


~ 1 






- 1 


- 3 


- 12 


9 


+ 1 


— 1 


— 1 


- 1 


— 3 


— 12 


10 


+ 2 


+ 1 


— 1 


+ 2 


+ 2 


+ 8 


11 


— 1 




— 1 


- 2 


— 4 


- 16 


12 


~ 2 


— 1 


-. 1 


— 4 


- 8 


- 32 


13 




+ 2 




+ 2 


+ 2 


+ 8 


14 


+ 2 


— 1 




+ 1 


+ 3 


+ 12 


15 


+ 1 


- 1 


+ 1 


+ 1 


+ 8 


+ 32 


16 


— 2 


+ 2 


4- 2 


+ 2 


+ 9 


+ 36 


17 


— 2 


— 2 


+ 2 


- 2 


- 6 


— 24 


18 


+ 1 


+ 1 


+ 2 


+ 4 


+ 13 


+ 52 


19 


+ 2 


+ 2 


+ 2 


+ 6 


+ 24 


+ 96 


m 




— 3 


+ 1 


- 2 


- 6 


— 24 


21 


— 2 


+ 2 


— 1 


- 1 


- 8 


- 32 


22 


— 2 


+ 1 


- 2 


- 3 


- 20 


- 80 


23 


+ 2 


— ,4 


- 3 


- 5 


— 24 


- 96 


24: 


+ 3 


+ 3 


^ 4 


+ 2 


+ 16 


+ 64 


25 




— 1 


- 4 


— 5 


- 33 


- 132 


26 


— 4 




— 3 


-10 


- 62 


^ 248 


21 


- 2 


+ 5 


■■ — 1 


+ 2 


+ 16 


+ 64 


2% 


+ 4 


- 3 


+ 1 


+ 2 


+ 19 


+ 76 


29 


+ 5 


— 1 


■f 3 


+ 7 


+ 46 


+ 184 


30 


— 3 


+ 6 


■ + 5 


+ 8 


+ 56 


+ 224 


31 


- 7 


- 6 


+ 7 


- 6 


- 40 


- 160 


32 


-f 1 


+ 1 


+ 7 


+ 9 


+ 77 


+ 308 


33 


+ 9 


+ 5 


+ 4 


+ 18 


+ 144 


+ 576 


34 


+ 3 


— 8 


+ 1 


— 4 


- 38 


^ 152 


35 


- 9 


+ 5 


- 1 


— 5 


- 42 ^^■■ 


168 


36 


- 7 


+ 2 


^ - 5 


10 


- 99 


- 396 


37 


+ 7 


- 9 


- 9 


— 11 


-122 


— 488 


38 


+ 11 


+ 10 


11 


+ 10 


+ 88 


+ 352 


39 


— 4 


— 3 


-10 


-17 


-168 


672 


40. 


-13 


— 8 


- 7 


---28 


310 


— 1240 


41 


Q 


+ 13 


— 3 


+ 8 


+ 82 


+ 328 


42 


+ 13 


— 8 


+ 3 


+ 8 


+ 88 » 


+ 352 


43 


-f 8 


— 3 


+ 9 


-14 


+ 204 


+ 816 


44 


— 11 


+ 14 


+ 14 


+ 17 


+ 252 


+ 1008 


45 


-14 


-14 


+ 16 


12 


-182 


- 728 


46 


+ 5 


+ 4 


+ 15 


+ 24 


+ 344 


+ 1376 


47 


+ 17 


+ 11 


+ 12 


+ 40 


+ 632 


+ 2528 


48 


+ 3 


-20 


+ 5 


12 


-168 


672 


49 


-17 


+ 13 


— 5 


- 9 


-175 


- 700 


50 


-13 


+ 5 


-14 


—22 


-401 


-1604 



64. As already mentioned, the foregoing expressions of the coefficients in terms of g 
may be applied to the determination of the coefficients as rational functions of t^, t^ 
Representing by 5 any one of the coefficients gj, /3, y . . . o-, consider the sum 



p - — ? 



a 
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fB> posith^e integer, and the summation extending as before to the n-^-l values of €?, 

and corresponding values of ~. This is a rational function of % and it is also integral. 

As to this observe that the function, if not integral, must become infinite either for te=0 
(this would mean that the expression contained a term or terms A^""*") or for some 
finite value of u. But the function can only become infinite by reason of some term or 

terms of S v-^"- becoming infinite ; viz. some term —7; — must become infinite; or attend- 

a ^ ' snc 2gm 

ing to the equation 

i;=t6'*{snc 2oj snc 4a/ . . . snc(^^— l)a;}, 

it can only happen if t^=0, or if ^=co; and from the modular equation it appears 
that if ^=: 00 , then also u= 00: the expression in question can therefore only become 

infinite if t^=0, or if w= 00 . Now t^=0 gives the ratios -, ^, . . ., each of them a 

determinate function of ^, that is finite ; and gives also '2^=0, so that the expression does 
not become infinite for u=:0; hence it does not become infinite either for u=0 or for 
any finite value of u; wherefore it is integral The like reasoning applies to the sum 

St;""-^- ; viz. this is a rational function of u; and it is quasi-integral, viz. there are no 

terms having a denominator other than a power of ti^ the highest denominator being 
tf-^; viz. the expression contains negative and positive integer powers of tc, the lowest 

power (highest negative power) being ^' 

65. It is to be observed, further, that writing the expression in the form 

(where S^ refers to the values v^^ %^ ...% of the modulus), and considering the several 
quantities as expressed in terms of q, then in the sum S' every term involving a frac- 

tional power £^ acquires by the summation the coefiicient (l+a+a^..* +05"*""^), and 
therefore disappears; there remains only the radicalityg* occurring iii the expressions of 
the ^'s; and i£nf^(jb (mod. 8), ^=0, or a positive integer less than 8, then the form of 

the expression is jS into a rational function of j. Hence this, being a rational and 

integral function of u^ must be of the form 

Au^+'Bu'''^^+Cu^'^'^+ &c. 

66. We have thus in general 



and in like manner 



Sv^-=Au^+Bu^'^^+ &c.; 
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We may in these expressions find a limit to the number of terms, by means of the before 

11 
mentioned theorem that we may simultaneously interchange %v; m^ 3, . . .^5 ct into -, - ; 

^, f, . . . 3, 05. Starting from the expression of Si;*^-, let p be the corresponding coeffi- 

cient to 6 ; viz. in the series 05, ^ . . ^. . 9 . . ^^ <r, let <p be as removed frbm (7 as ^ is from a ; 
then the equation becomes 



where ?z=:5 -=---- ; the equation thus is 



Sv'-''^^=Au'"'f'+Bu^-f'-^+&:c. ; 



and by what precedes the series on the right-hand side can contain no negative power 

. 1 • 

higher than ■:^^(fiT)l that is, the series of coefficients A, B, C • . . goes on to a certain point 

only, the subsequent coefficients all of them vanishing. 

In like manner from the equation for Sv"-^ - we have 

where the indices must be positive; viz. the series of coefficients A', B', . . goes on to a 
certain point only, the subsequent coefficients all of them vanishing. 

67. The like theory applies to the expression 1=.^ We have, putting as before 
^^/=^ (jb (mod 8), 

and we find a limit to the number of terms by the consideration that we may simul- 
taneously change u, v, ~ into ^. | ^ ' ^^^ equations thus become 

St;*-%=A«^^-^+B^-^-"'*+. .. 



(where, if/= or <4, there must be oil the right-hand side no negative power of t^; but 
if />4, then the highest negative power must be -jji^^) , and 

where on the right-hand side there must be no negative power of %. 
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68. It is to be remarked that (S, g being always given linearly in terms o£ ^^ it is the 

same thing whether we seek in this manner for the values of /S, g or for that of g ; but 

the latter course is practically more convenient. Thus in the cases ^=5, n=7 we 

1 
require only the value of j^- 

In the case ^^^ll, where the coefficients are cc^ /S, y, \ g, ^^ it has been seen that y, S 

are given as cubic functions of -— : seeking for them directly their values would (if the 

process ,be practicable) be obtained in a better form, viz. instead of the denominator 
(F^)^ there would be only the denominator F(^). 

1 

69. I consider for mj the cases n=^ and 5 : 

^^=3,/=0, 1, 2, 3, then p=0, 3, 6, 1 ; 
and we write down the equations 

Sm~A giving S^=A< 






O-a/r-^XJLW ,, O -n/j- XJL ty. 



^2 .y* 

1 

viz. if we had in the first instance assumed S jj=A+B^^^+. . , this would have given 

S ^=A^e*+B?^~^+ • • ? whence B and the succeeding coefficients, all vanish ; and so in 

other cases. We have here only the coefficients A, A^ ; and these can be obtained without 
the aid of the g'-formulse by the consideration that for u=l the corresponding values of 

1 

v^ ^ are 

(J — — JL a — — j_ j_ j_ 

1 



M 



fj m ~^ 9 ■•"."" _!_ . ^i«M JL 



whence A=05 A'=6 ; or we have the equations 



1 p V t? 

8^=0, 8^=6tf^ STrf=0, S^-=6% 



giving as before 

M 



1 



1 2u^ 

reducible by means of the modular equation to ^=l+"~"- 

70. n=5. Corresponding to/=0, 1, 2, 3, 4, 5, we have ^=0, 5, 2, 7, 4, 1, 

3n2 
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and we find 

V v^ 

M^^ " M =^? 

But for w=l the corresponding values of Vy y^ are 

^=1, —1, —1, —1, -1, —1, 

^^^^D, 1, I5 1, 1, 1; 

whence A^A^^IO, A''+B''=0) ^^ say the value of S j^ is =.A!^it{l — ib^). 

The value of A'' is found very easily by the ^^-formulse, viz. neglecting higher powers 
of g', we have 

%i=fs/% v^=(^s/% M-=5; v^—q^^s/l, ^=^\ hence 







^5^M+'^'m' =52*(\/^)'=^¥\/2; that is A"=20, and the equations are 

whence 

M ^ ^ 

where St^o? &c. are the coefficients of the equation 

^^ + 4'?;V + 5^%^— 5'yV— 4m^— ^^^=0, 

viz. S^o. ^0^15 '^o^i^, '^o^i'^^^^, ^0^1^ 2%% 

are — 4^^^ +5^6^ , — 5^^^ , 4z^; 

or the equation is 

-lQit\-~Ait' - v) 

— 10 (4:11 +5^6% — 5'yV— 4'?;V— ^'), 
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or say 

where 

Hence also, reducing by the modular equation, 

the one of which forms is as convenient as the other. 

1 

71. Making the change ^^, v^ tj into v^ —u, — 5M, we have 

and comparing with the equation 
we obtain 

Writing for a moment M=^^'*+6t^V+^^ N=^^'^+^^ this is 

that is 

-4^et;(l-t^«)(l-^')-{t^^(l-^e«)-^'(l-^')}M+4i;V{t^^(l 

But we have 

Hence, replacing M, N by their values, this is 

viz. writing t^^—t;^= A, w^B, this is 

_4B{1-.A^-4A^B^--2B^+B«} 

^ A{1-A^--5A^B^-3B^}(AH8B^) 

+ 4BtA^+4B^){l-"A^B^-B^}=0, 

that IS 

-4B{(l-A*-4A^B^-2B^+B«)-BXAH4B^)(l-A=B=-B^)} 

- A(1-A^-5A^B^-3B^)(A^+8B^)=0; 



VIZ. 



-4B(1-A^-5A^B^-3B^)(1-B*) 

- A(1-A*-5A=B^-3B^)(A^+8B^) = 0; 
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or throwing out the factor — (lA^-— 5A^B^— SB^), this is 

A(A^+8B^)+4B(1-B^)=0, 
the modular equation, which is right. 

The four forms of the modular eguation^ and the curves rej^resented thereby. 

x^Lrticle Nos. 72 to 79. 

72. The modular equd^tion for any value of n has the property that it may be repre- 
sented as an equation of the same order (irr^^+l? when n is prime) between % "o or. 
between u^^ if^ or between it^^ v"^, or between ti^^ v^. As to this, remark that in general 
an equation (u, v, Ij^^^^O of the order m gives rise to an equation (to^^ v^^ Ij^^'-nO of 
the order 2m between u^^ v^ ; viz. the required equation is 

where the left-hand side is a rational function of u'^^v^ of the form (u^^ v^, If"'; or 
again starting from a given equation (tc^ v, wy^'^O^ and transforming by the equations 
w:y: z=:it^ : v^ : w^ the curve in (^, y, z) is of the order 2m ; in fact the intersections of the 
curve by the arbitrary line a^+%+^^=0 a^e given by the equations (i^, v^ tv)'^=Oj 
au^+bv^'^cw^=0^ and the number of them is thus =:2m. Moreover, by the general 
theory of rational transformation, the new curve of the order 2m has the same deficiency 
as the original curve of the order m. The transformed curve in s^ y, z, =u% v^^ w^ may 
in particular cases reduce itself to a curve of the order m twice repeated ; but it is 
important to observe that here, taking the single curve of the order m as the transformed 
curve, this has no longer the same deficiency as the original curve; and in particular 
the curves represented by the modular equation in its four several forms, writing therein 
successively u, v ; ^^ v^ ; u\ v^ ; u^, v^^ =w^ y^ are not curves of the same deficiency. 

73. The question may be looked at as follows: the quantities which enter rationally 
into the elliptic-function formulas are Ti?^ ih?-=i%^^ i?*^ if a modular equation (u^ ^)^=:0 
led to the transformed equation {u^^ ^^j^^'z^O, then to a given value of '^^^ would corre- 
spond 8 values of u^ therefore %v values of t^, giving the same number, Si^, values of ^^ ; 
that is, the values of v^ corresponding to a given value of ^^^ would group themselves in 
eights corresponding to the 8 values of u. There is in fact no such grouping; the 
equations are {u, vy=^, (u^^ vy=0; to a given value of uP correspond 8 values of u, 
and therefore 8p values of t?, but these give in eights the same value of v% so that the 
number of values o£ v^ is =i^, 

74. I consider the case 7i=5: here, writing s, y for Uj v^ we have here the sextic curve 

I. y'—w' + 2wy(wY~l)=:0; 

and it is easy to see that the remaining forms wherein w^y denote u\ v^; u% #; and u% # 
respectively, are derived herefrom as follows ; viz. 

II. (/ — w'^y — ixy{ocy — 1)^ = 0, that is 
J/* + ^x'Y -f oc^ — ixy{xY + 1 ) = ; 
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III. {'f + 6^y + x^Y — 1 Qxy{xy + 1 )^ = 0, that is 

^^' (y+6^y4-^^)^— 16^j/(4^j/— 3^— 3j/ + 4)^=0, that is 

y--762^y+^^--4^?/{64^y--96^'^-96^3^^+33^'+33y2--96^---96y 

where it maybe noticed that the process is not again repeatable so as to obtain a sextic 
equation between x^ y standing for v}^^ v^^ respectively. 

The curve I. has a dp (fleflecnode) at the origin, viz. the branches are given by 
^^—2^—0, — ^^— 2y=0 ; and it has 2 cusps at infinity, on the axes ^^=0, ^^=0 respec- 
tively; viz. the infinite branches are given by y+2^^— 0, — -^+2^^=0 respectively. 
These same singularities present themselves in the other curves. 

The curve II. has the four dps (x^—'y^=0^ ^y— 1 = 0), that is 

(x=y=l), (x=y='-'l), {x=i, y=—i), {x=--% y=i). 

Corresponding hereto we have in the curve III. the 2 dps x=^y^==l^ x=y=-—l^ and in 
the curve IV. the dp x=y=l. 

The curve III. has besides the 4 dps y^ + Qxy+x'^^OyXy + l — O^ that is 

(1+^/2, l^x/2), (l~-x/2, l+x/2), (-l-x/2, ^l+v'2),(-l+x/2, -l--x/2); 

and corresponding hereto in the curve IV. we have the 2 dps 

(3+2^/2, 3-2x/2), (3~-2x/2, 3+2v^2). 

The curve IV. has besides the 4 dps y^'^6xy+x''=0,Axy—2x—5y+4:=0, or say 
(2^-|)(2^-f)+|=0, 2(^+1 )2+2(y+f)^~-H"=0. Hence the 4 curves have respec- 
tively the dps and deficiency following : — 

dps. 

2,1 

2, 1, 4 =7 

2, 1, 2, 4 =9 
2,1,1,2,4 = 10 

Tiz. the curve IV. representing the equation between ti,^ and v^ is a unicursal sextic. 

It may be noticed that except the fleflecnode at the origin, and the cusps at infinity, 
the dps in question are all acnodes (conjugate points). 



dps. 

.= 3 



Def. 

7 
3 
1 
0; 






5. The foregoing equations may be exhibited in the square diagrams:- 



^ f 



I. 



II. 



r r y 



y 



t 



III. 

yZ y2 y 



t 



y 



IV. 



y 



:c^ 



3 



0: 



X^ 



X 











-1 






-4 


+6 




+1 










+12 


+1 












+ 1 




+2 








-16 
+ 12 




-256 


+384 


-132 








-2 










+6 


-16 




H-384 


-762 

+384 


+384 
-256 








+ 1 






-4 






-132 




+1 










ft 




+ 1 











1 2 0-2-1 

=(y+i)=(y-i) 



,4 +6 —4 +1 



1+4+6-4+1 
= (j-l)' 



1 _4 + 6 _ 4 



+1 
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where the subscript line, showing in each case what the equation becomes on writing 
therein w=l, serves as a verification of the numerical values. 

The curve IV. being unicursal, the coordinates may be expressed rationally in terms 
of a parameter ; and we in fact have 

«3(2 + a) «(2 + «)^ 



(l+2«)^ 



These values give 

4+%-3a;-8«/=(4, 8, 12, 32, 50, 32, 12, 8, 4^, cf 
x'+6wy+f =4«X2+a)^(4, 8, 12, 32, 50, 32, 12, 8, 4^1, «)' 

and the equation of the curve is thus verified. 

76. Considering in like manner the modular equation for the quintic transformation, 
we derive the four forms as follows : — 

II. \x^~i/^-\-5x7/(x—y)\^-^16xy(l—xYT=0i^^^^ is 

x^+15xY-^15xY+f~2xi/{8-6x'+l0iff—bf+8xY)=0. 

III. (x'+15x^y+15xf+fy-4:Xi/{8-5x'+10xy~5f-\-8xYf=0, that is 

x'+655xY+Q55xY-j-f~M0xY-U0xY 
+^3/(-256+320^^+320/-70a?*-660a;y-70/+320^y+320.ry-256iry)=0. 

IV. (ir='+655A^^3^+655a;^=+/-640a;j/— 640^y)^ 

-^y(-256+320A^+320?/-70a?'-660^y-70^=+320a?'y+320a,y-256^y)^=0: 
or expanding the two terms separately, this is 
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xy 
x^y 
xy"^ 
o^y 

x^y'^ 

xy^ 

x^y 

x^y^ 

x'^y^ 

wy^ 

x^ 

x^y 

x^y^ 

x^y^ 

^y 

xy^^ 

t 
x'y'^ 

x^y^ 

x^y^ 

x^y^ 

x^y^ 

x'^y^ 

x^y^ 

x^y^ 

x'^y^ 

x^y^ 





65536 




4-163840 




4-163840 




-138240 


+ 409600 


— 542720 




-138240 


- 1280 


4- 44800 


838400 


4-631040 


- 838400 


4-631040 


- 1280 


4- 44800 


+ 1 




4- 1310 


— 4900 


4- 430335 


—297200 


4-1677252 


-986072 


4- 430335 


—297200 


4- 1310 

1 

- 1280 


4900 


+ 44800 


- 838400 


4-631040 


~ 838400 


4-631040 


— 1280 


4- 44800 




138240 


4- 409600 


542720 




138240 




4-163840 




4-163840 




- 65536 



= 



77. The square diagrams are :- 

JL* 






X^ 



x^ 



x' 



0^ 



X' 



t t 2/ y y y i 





+ 4 


4-5 




5 




~1 


4-1 








— 4 









14-4+5 

=(^+iy(i^-i). 



4 -1 



JL. JL « 

/ f y' / / y 1 



4-1 


-16 








+ 10 


+ 1 


4-10 




— 20 


+ 15 








+ 15 






-16 











1 — 6 + 15-20+15 



— 6 4" 1 



I , ; ( 



MDCCOLXXIV. 



O 



454 



PEOPESSOE CATLET ON THE TEAN8P0EMATI0N 



III 





t 


/ 


t 


f 


t 


y 


1 


x' 














+ 1 


x' 




256 




+ 320 




- 70 




x' 






-640 




+ 655 







x^ 




+ 320 




660 




+ 320 


x^ 






+ 655 




640 






x 




-- 70 




+ 320 
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where the subscript line, showing in each case what the equation becomes on writing 
therein ^=1, serves as a verification of the numerical values. 

78. The curve I. has at the origin a dp in the nature of a fleflecnode, viz. the two 
branches are given by ^^ + 42^=0, —^^+4^=0 respectively; and there are two singular 
points at infinity on the two axes respectively, viz. the infinite branches are given by 
— ^--4.2?^ = 0, ^— 4j/^ = respectively. Writing the first of these in the form 
'—yz'^ — 4^^=05 we see that the point at infinity on the axis ^=0 [L e, the point %-=-^^ 
^=0) is =6 dps; and similarly writing for the other branch ^;^^— 4^^=: 0, the point at 
infinity on the axis j/=0 {%, e, the point 0—O, y=^) is =6 dps^. 

Moreover, as remarked to me by Professor H. J. S. Smith, the curve has 8 other dps ; 

* These results follow from the general formulae in the paper " On the Higher Singularities of Plane Curves/' 
C. & D. M. J. t. vii. (1865) pp. 212-222 ; but they are at once seen to be true from the consideration that tht 
curve 2/2:^—^^=0, which has only the singularity in question, is unicursal; the singularity is thus =6 dps. 
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viz. writing o) to denote an eighth root of 
verify this observe that these values give 



1, (a;^+1~0), then a dp is oc=^oj^ y'=&y'. To 
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or the derived functions each vanish. Thus I. has in all 1 + 12 + 8, =21 dps. 

In II. we have in like manner 1 + 12 + 4, =17 dps ; viz. instead of the 8 dps, we have 
the 4 dps,^=^^ y=:cJ^^ (^(0^-^1 = 0)^ or, what is the same thing, w=a}^ y=—^, where 
ft/'* + 1=0. But we have besides the 12 dps given by 

w^~y^+5a:y(a:-^'i/)=0^ 1— ^y=0, 

viz. we have in all 1+12 + 4 + 12, =29 dps. 

In III. we thence have 1+12+2 + 6, =21 dps; and, besides, the 12 dps given by 

^^ + 16^^y+15^/+/=0, 8-6^^+10^//-5y'+8^Y=0, 

in all 1+12+2+6 + 12, =33 dps. 

And in IV. we thence have 1+12+1 + 3 + 6, =23 dps; and, besides, the 12 dps 

given by 

^^+655^^^+655a.'j/^+2^^—640iry— 640^^2^^= 0, 

-.256+320^+3203^-70^^-660^y-70j/^+320^'2^+320^/~256^y=0 

(these curves intersect in 16 points, 4 of them at infinity, in pairs on the lines ^^=0,, 
y=0 respectively; and the intersections at infinity being excluded, there remain 
16 — 4, =12 intersections); there are thus in all 1+12+1 + 3+6 + 12, =35 dps. 

Or arranging the results in a tabular form and adding the values of the deficiency, 
we have 

dps. 

I. 1+12 + 8 

II. 1 + 12+4+12 

III. 1+12+2+ 6+12 

IV. 1+12 + 1+ 3+ 6+12 

SO that the curve IV. is a curve of deficiency 1, or bicursal curve. It appears by 

Jacobi's investigation for the quintic transformation (Fund. Nov. pp. 26-28) that we can 

in fact express ^, y, that is u^^ v^^ rationally in terms of the parameters a, connected by 

the equation 

06^=20(1+^+0), 

which is that of a general cubic (deficiency =1) ; we in fact have 
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OK THE TRANSFOEMATION OF ELLIPTIC FUNCTIONS. 



that is. 



n=^)=3l ^^ , v%=y)=^^^ ' " " 



Of 



a 



2|3 



where a, satisfy the relation just referred to. The actual verification of the equa- 
tion IV. by means of these values would be a work of some labour. 

79. In the general case^ an odd prime, then in I. we have at the origin a dp (in the 

nature of a fleflecnode) and at infinity 2 singular points each =:^ -—- — ^^dps. I infer, 

from a result obtained by Professor Smith, that there are besides (j:? — l)(jp~3) dps; 
but I have not investigated the nature of these. And the Table of dps and deficiency 
then is 
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viz. his values of the deficiencies being as in the last column,, the total number of dps 
must be as in the last but one column. 



